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ABSTRACT: We performed molecular dynamics simulations of dilute and semidilute polyelectrolyte solutions
without hydrodynamic interactions to study Rouse dynamics of polyelectrolytes. Polyelectrolyte solutions are
modeled by an ensemble of bead-spring chains of charged Lennard-Jones particles with explicit counterions.
The simulations were performed for partially and fully charged polymers with the number of monomers N )
25-373. We show that the simulations of the Rouse dynamics give qualitatively similar results to the experimentally
observed dynamics of polyelectrolyte solutions. Our simulations showed that the chain relaxation time depends
nonmonotonically on polymer concentration. In dilute solutions, this relaxation time exhibits very strong dependence
on the chain degree of polymerization, τ ∼ N 3. The chain relaxation time decreases with increasing polymer
concentration of dilute solutions. This decrease in the chain relaxation time is due to chain contraction induced
by counterion condensation. In the semidilute solution regime the chain relaxation time decreases with polymer
concentration as c-1/2. In this concentration range the chain relaxation time follows the usual Rouse scaling
dependence on the chain degree of polymerization, τ ∼ N 2. At high polymer concentrations the chain relaxation
time begins to increase with increasing polymer concentration. The crossover polymer concentration to the new
scaling regime does not depend on the chain degree of polymerization, indicating that the increase in the chain
relaxation time is due to the increase of the effective monomeric friction coefficient. The analysis of the spectrum
and of the relaxation times of Rouse modes confirms the existence of the single correlation length ξ, which
describes both static and dynamic properties of semidilute solutions.

1. Introduction
Polyelectrolytes are polymers with ionizable groups. Examples of charged polymers include biopolymers such as DNA
and RNA, and synthetic polymers such as poly(styrenesulfonate), poly(acrylic acids), and poly(methacrylic acids). In
polar solvents, these groups dissociate releasing counterions and
leaving uncompensated charges on the polymer backbones. The
presence of the long-range electrostatic interactions between
ionized groups results in unique dynamic properties of polyelectrolyte solutions that are qualitatively different from their
neutral counterparts.1-6
The well-known feature of polyelectrolyte solutions is the
concentration dependence of the solution viscosity called the
Fuoss law (see, for review, ref 2). The viscosity of polyelectrolyte solutions is proportional to the square root of polymer
concentration in the wide concentration range, while the
viscosity of uncharged polymers in a good solvent scales linearly
with polymer concentration in a dilute solution regime or as
c1.3 in a semidilute solution regime. Furthermore, in this
concentration range the chain relaxation time decreases with
increasing polymer concentration indicating that the stress
relaxation in polyelectrolyte solutions speeds up as they become
denser. The physical origin of this unique behavior is the
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coupling of electrostatic interactions with conformational transformations of charged macromolecules. The unusually wide
Fuoss law regime supports the conjecture that the entanglements
(topological constraints created by surrounding chains)7 in
polyelectrolyte solutions begin to restrict chain motion deep in
the semidilute solution regime. The crossover to entangled
polyelectrolyte solutions occurs 3-4 decades above the overlap
concentration c*.8,9 Note that in solutions of neutral polymers
this crossover takes place closer to the chain overlap concentration at approximately 10c*.
The modern theories of polyelectrolyte dynamics were
successful in explaining the origin of the unusual dynamic
properties of polyelectrolyte solutions.2,8,10-12 Unfortunately,
experimental data13,14-23 alone cannot provide a detailed test
of the microscopic foundations of these models. Computer
simulations24-31 play an important role in our understanding
the static properties of polyelectrolyte solutions by providing a
valuable insight into molecular origin of the phenomena and
by direct testing the assumptions of the theoretical models.
Understanding of molecular processes controlling dynamics of
polyelectrolyte solutions, e.g., flow properties of DNA solutions
in microfluidic devices, dynamics of spreading of polyelectrolyte
solutions over surfaces, kinetics of assembly of multilayered
polyelectrolyte thin films2,5,32,33 will have far reaching consequences in different branches of natural sciences ranging from
biophysics to materials science and nanotechnology.
In this paper, we present results of a computer simulation
study of the polyelectrolyte solution dynamics. Our molecular
dynamics simulations correspond to the free draining (Rouse)
dynamics7,34,35 of the polyelectrolyte solutions. We demonstrate

10.1021/ma070666e CCC: $37.00 © 2007 American Chemical Society
Published on Web 09/18/2007

7672

Liao et al.

Macromolecules, Vol. 40, No. 21, 2007

that the Rouse model of polyelectrolytes is useful for understanding the dynamics of real polyelectrolyte solutions. In real
solutions, there is strong hydrodynamic coupling between
sections of moving object due to hydrodynamics interactions
on the length scales shorter than hydrodynamic screening length.
For a fractal object consisting of N monomeric units and having
size R ∼ N ν, where 1/ν is the object’s fractal dimension, the
characteristic Zimm relaxation time scales with the object size,
R, and number, N, of monomers in it as τZ ∝ R3 ≈ N 3ν. The
Rouse relaxation time of a similar object7 is τR ∝ R2N ≈ N 2ν+1.
By comparing the expressions for Zimm and Rouse relaxation
times, one can immediately see that they are proportional to
each other when the fractal dimension of the object is one, ν )
1, which corresponds to a rodlike object. This is indeed the
case for a polyelectrolyte chain in a dilute solution. (Note that
there are additional logarithmic corrections to the N-scaling of
relaxation time appearing in the relaxation time of a rod as well
as due to nonuniform stretching of a polyelectrolyte chain.2,30)
The similarities between Rouse and Zimm models of a polyelectrolyte chain is due to the fact that both electrostatic and
hydrodynamic interactions are long-range which is manifested
in strong coupling between monomer motion. It turns out that
the incorporation of electrostatic interactions into Rouse dynamics provides qualitatively correct description of the chain
relaxation. The addition of hydrodynamic interactions will not
lead to qualitatively new results but rather to logarithmic
corrections to the Rouse model. This is a unique feature of
polyelectrolyte solutions.
In the following sections, we present scaling analysis of the
Rouse dynamics in dilute and semidilute polyelectrolyte solutions and compare its predictions with the results of our
molecular dynamics simulations, theoretical predictions for the
Zimm model and experimental data.
2. Scaling Model
2.1. Dilute Solutions. In dilute solutions the intrachain
electrostatic interactions dominate over the interchain ones.
These intrachain interactions result in stretching of polyelectrolyte chains. A polyelectrolyte chain can be envisioned as an
array of the electrostatic blobs with size De and number of
monomers ge. (Here, for simplicity, we will assume Θ-solvent
conditions for the polymer backbone. Changing the solvent
quality for the polymer backbone will not change dependence
of the chain relaxation time on the chain degree of polymerization and polymer concentration.) The statistics of the chain
at the length scales smaller than the electrostatic blob size is
Gaussian leading to the following relation between the electrostatic blob size De, number of monomers in it, ge, and the
fraction of the ionized groups on the polymer backbone f*.2,8,9,12

De ≈ b(uf*2)-1/3,

and ge ≈ (uf*2)-2/3

(1)

where u is the ratio of the Bjerrum length lB to the bond size b.
The Bjerrum length lB ) e2/(kBT) determines the strength of
the electrostatic interactions and is defined as the length scale
at which the Coulomb interaction between two elementary
charges e, in a dielectric medium with the dielectric constant ,
is equal to the thermal energy kBT. In this paper, we will present
a scaling analysis of the chain dynamics and will neglect
numerical coefficients. The average end-to-end distance of the
chain is estimated as the size of the stretched array of
electrostatic blobs

Re ≈ De N/ge ≈ b(uf*2)1/3 N

(2)

The fluctuations of the chain size around its average value Re
are on the order of bN 1/2 and can be neglected for long enough
chains. Thus, a polyelectrolyte chain can be viewed as a rodlike
polymer of length Re. (Here we will present a scaling consideration of the chain dynamics which neglects nonuniform chain
stretching (see, for details, ref 2).)
A polyelectrolyte chain diffuses a distance on the order of
its size during the time interval proportional to the chain
relaxation time τ.

〈∆R(τ)2〉 ≈ 〈Re2〉 ≈ Dτ

(3)

For the Rouse dynamics the chain translational friction
coefficient is equal to the monomer friction coefficient ξ0 times
the number of monomers on the polymer backbone N, ξN )
Nξ0. Using the Einstein’s relation between the chain’s diffusion
and friction coefficients, D ) kBT/(Nξ0), we can evaluate Rouse
relaxation time as follows

τR ≈

〈Re2〉 ξ0NRe2
≈
≈ τ0(u f*2)2/3 N 3
D
kBT

(4)

Thus, this simple calculation shows that in dilute solutions the
relaxation time of the Rouse polyelectrolyte chain increases with
degree of polymerization, N, as N 3. Note that the translational
relaxation time and the rotational relaxation time have identical
scaling dependences on the system parameters.
It is interesting to point out that the Rouse relaxation time of
a polyelectrolyte chain is different from the chain’s relaxation
time in the presence of the hydrodynamic interactions (the socalled Zimm chain’s dynamics) by a logarithmic factor. For a
rodlike polymer with length Re and thickness bN1/2 the friction
coefficient in the presence of the hydrodynamic interactions is
on the order of ξZ ≈ ξ0Re/(b ln(Re/bN1/2)).7 This results in the
following expression for the Zimm chain’s relaxation time

τZ ≈

τ0u f*2N 3
ln((u f*2)1/3N 1/2)

(5)

Comparing expressions for the Rouse (eq 4) and Zimm (eq 5)
relaxation times, one can see that the Zimm relaxation time has
slightly stronger dependence on the fraction of ionized groups
f* and value of the interaction parameter u than its Rouse
counterpart, but both times have the same leading N dependences (both are proportional to N 3). Note that in the long chain
limit the polyelectrolyte with hydrodynamic interactions relaxes
faster, τZ < τR, due to additional logarithmic factor in the
denominator of the eq 5.
In dilute solutions the chain relaxation time decreases with
increasing polymer concentration due to counterion condensation, which reduces the fraction of the charged monomers, f*,
on the polymer backbone.
2.2. Semidilute Solutions. In semidilute solution regime the
electrostatic interactions are screened at the length scales on
the order of the solution correlations length ξsthe average mesh
size of the semidilute polyelectrolyte solution.2,8,9,12 This is due
to the fact that the average charge of the correlation volume ξ3
is equal to zero because the charge of the section of the chain
with gξ monomers within the correlation length ξ is compensated
by surrounding counterions. The interactions between correlation
volumes can be ignored in the zeroth order approximation, and
the electrostatic blob size and stretching of a chain can be
estimated by taking into account only electrostatic interactions
within the correlation volume ξ3. The electrostatic interactions

Macromolecules, Vol. 40, No. 21, 2007

Rouse Dynamics of Polyelectrolyte Solutions 7673

between charged monomers on the length scales smaller than
the correlation length result in stretching of the chain sections
within correlation blobs. At these length scales a section of
polyelectrolyte chain with gξ monomer can be viewed as an
array of the electrostatic blobs with size ξ ∝ Degξ/ge. The
concentration dependence of the number of monomers in a
correlation volume ξ3 can be obtained by imposing the closepacking condition for chain sections of size ξ, c ≈ gξ/ξ3. The
correlation length of semidilute polyelectrolyte solution is
estimated as2,8,9,12

ξ ≈ b(uf*2)-1/6(cb3)-1/2 ∝ c-1/2

(6)

This leads to the same concentration dependence of the number
of monomers within a correlation volume

gξ ≈ cξ 3 ≈ (uf*2)-1/2(cb3)-1/2 ∝ c-1/2

(7)

Since at length scales larger than the correlation length ξ other
chains and counterions screen electrostatic interactions, the
statistics of the chain are those of a Gaussian chain with the
effective persistence length on the order of the correlation length
ξ. Thus, according to the scaling model, a chain in the semidilute
salt-free polyelectrolyte solution is a random walk of correlation
blobs with size2,8,9,12

Re ≈ ξ

()
N
gξ

1/2

≈ b(u f*2)1/12N 1/2(cb3)-1/4 ∝ N 1/2c-1/4 (8)

Similar scaling arguments can be applied to describe polymer
dynamics. The motion of different chain sections inside the
correlation blob are strongly hydrodynamically coupled just as
in dilute solutions, leading to the Zimm relaxation time of the
correlation blob to be proportional to its volume τξZ ≈ τ0ξ3 (up
to logarithmic corrections).2,8,9,12
The Rouse model neglects hydrodynamic interactions and
predicts the relaxation time of the section of a polyelectrolyte
chain with gξ monomers inside the correlation blob

τ Rξ ≈ τ0 gξ ξ 2

(9)

which is the same as the Rouse relaxation time of the
polyelectrolyte chain with gξ monomers in a dilute solution.
Each chain consists of N/gξ correlation blobs. Both electrostatic and hydrodynamic interactions between these blobs are
screened and therefore their motion in the unentangled semidilute solution regime can be described by the Rouse dynamics
of correlation blobs. In the case of real polyelectrolyte solutions
with the Zimm dynamics inside the correlation length, the
relaxation time of the chain is2,8,9,12

τZ ≈

τ Zξ (N/gξ)2

3 -1/2

≈ τ0(uf* ) (cb )
2 1/2

N , c* < c < ce
2

the chain size decreases with increasing polymer concentration
while the chain friction coefficient does not change.
In the case of the Rouse polyelectrolyte chain with the chain’s
dynamics described by the Rouse model on all length scales
(neglecting all hydrodynamic interactions) the chain relaxation
time has the same dependence on polymer concentration and
degree of polymerization as in the case with hydrodynamic
interactions inside correlation blob (eq 10)

τR ≈ τ Rξ (N/gξ)2 ≈ τ0(u f*2)1/6(cb3)-1/2N 2, c* < c < ce

Thus, in semidilute solutions both relaxation time of the Rouse
polyelectrolyte chain (see eq 11) and relaxation time of the real
polyelectrolyte chain with Zimm dynamics inside the correlation
length (see eq 10) decrease as inverse square root of polymer
concentration. However, as in dilute solutions, the relaxation
time of the real polyelectrolyte chain has stronger dependence
on the electrostatic interaction parameter u f*2.
The chain relaxation time can be estimated by monitoring
the time correlation function 〈Re(0)‚Re(t)〉 of the end-to-end
vector. At the time scale larger than the relaxation time of the
section of the chain inside correlation blob this correlation
function is expected to be the sum of the odd Rouse modes7

〈Re(0)Re(t)〉

Note that the chain relaxation time in this unentangled semidilute
regime decreases with increasing polymer concentration as τZ
∼ c-1/2 because both the number of monomers in the correlation
blob gξ and the correlation blob size ξ are proportional to c-1/2.
This decrease of the solution relaxation time with increasing
polymer concentration is unique for unentangled polyelectrolyte
solutions. Relaxation time of uncharged polymer solutions
increases with polymer concentration. The reason for such
unusual dependence of polyelectrolyte relaxation time is that

8

)

〈Re2 〉

∑

1

π2 p)1,3,5... p2

( )

exp -

tp2
τR

, for t > τξ

(12)

We will use eq 12 to fit correlation function of the end-to-end
vector because polymers in our simulations were unentangled
in semidilute and concentrated polyelectrolyte solutions. In the
next section, we present the results of the tests of the predictions
of the scaling model by molecular dynamics simulations.
3. Molecular Dynamics Simulations of Polyelectrolyte
Solution Dynamics
3.1. Model and Methodology.29-31A polyelectrolyte solution
was represented in our simulations by an ensemble of M ) 16
chains each consisting of N Lennard-Jones (LJ) monomers, with
fraction f of charged monomers and Nc ) fN counterions per
chain confined into a cubic simulation box of size LC with
periodic boundary conditions. We have considered fully and
partially charged polyelectrolyte chains with fraction of charged
monomers f ) 1 and f ) 1/2 respectively. All charged particles
were monovalent ions and, therefore, the total number of
charged monomers was equal to the number of counterions MNc.
Excluded volume interactions between every pair of monomers
were modeled by the truncated-shifted Lennard-Jones (LJ)
potential set to zero at the cutoff distance rc ) 2.5σ.

ULJ(r) )
(10)

(11)

{

[( ) ( ) ( ) ( ) ]

4LJ

σ 12
σ6
σ
r
r
rc
0

12

+

σ
rc

6

r e rc
r > rc

(13)

The parameter LJ controls the strength of the short-range
interactions. All simulations were carried out for LJ ) 1.5 kBT
(kB is the Boltzmann constant and T is the absolute temperature),
which corresponds to the poor solvent condition for the
uncharged backbone. For many synthetic polyelectrolytes such
as NaPSS water is a poor solvent for the polymer backbone. It
is also important to point out that for highly charged chains the
solvent quality for the polymer backbone does not have a strong
effect on solution properties.29-30
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The connectivity of monomers in the chains was maintained
by the finite extension nonlinear elastic (FENE) potential

( )

1
r2
UFENE(r) ) - kR02 ln 1 - 2
2
R

(14)

0

where k ) 7LJ /σ2 is the spring constant and R0 ) 2σ is the
maximum bond length at which the elastic energy of the bond
becomes infinite. The FENE potential gives only the attractive
part of the bond potential. The values of the parameters were
chosen to prevent chains from crossing each other.
A truncated-shifted Lennard-Jones potential was also used
to describe the pure repulsive excluded volume interactions
between any pair of counterions and between a monomer and
a counterion.

USLJ(r)

)

{

[(σr ) - (σr ) ] + 

4LJ

12

6

LJ

0

r e 21/6σ

(15)

r > 21/6σ

The parameter σ was chosen to be the same for all monomers
and counterions.
The solvent was represented by a continuum with the
dielectric constant . In such effective medium representation
of the solvent, all charged particles interact with each other via
the unscreened Coulomb potential

lBqi qj
UCoul(r) ) kBT
r

(16)

where lB ) e2/(kBT) is the Bjerrum length, qi is the charge
valence of the ith particle equal to +1 for a positive charge
and -1 for a negative charge. The electrostatic interactions
between all charges in the simulation box and all their periodic
images were computed by the smoothed particle mesh Ewald
(SPME) algorithm36-38 implemented in the DL_POLY version
2.12 software package.
The molecular dynamics (MD) simulations were performed
by the following procedure.29-31 The initial conformations of
the 16 polyelectrolyte chains in the cubic cell with periodic
boundary conditions were generated as a set of self-avoiding
walks. The counterions were placed randomly in the unoccupied
volume of the simulation box. Both dilute and semidilute
solutions of chains with the degree of polymerization N varying
from 25 to 373 and the value of the Bjerrum length lB ) 3σ,
were studied in the range of polymer concentrations c from 1.5
× 10-7 σ-3 to 0.15 σ-3. The simulations were carried out at
constant temperature T ) 2LJ/(3kB) using the Langevin
thermostat with a coupling constant z ) 0.1414m/τLJ, where m
is a particle mass (set in our simulations to unity) and τLJ is the

characteristic LJ-time defined as τLJ ) xmσ2/kBT. Utilization
of the Langevin thermostat in our simulations corresponds to
the Rouse chain dynamics. A velocity Verlet algorithm was used
to integrate the equations of motion with a time step equal to
∆t ) 0.01τLJ. The number of MD steps was chosen large enough
to allow the mean square end-to-end distances and the mean
square radii of gyration of chains to relax to their equilibrium
values. This requirement led to the range of simulation runs
between 200 000 and 8 000 000 MD steps depending on the
chain length and polymer concentration.
3.2. Results and Discussion. The chain relaxation time in
our simulations was estimated by monitoring both the decay of
the correlations in the orientation of the end-to-end vector (see
eq 12) and the time dependence of the mean-square displacement
of the chain center of mass. Figure 1 shows the time evolution

Figure 1. Orientation correlation function of the end-to-end vector
for the system of fully charged chains, f ) 1, with the degree of
polymerization N ) 94 at different polymer concentrations: 1.5 × 10-6
σ-3 (olive green hexagons); 1.5 × 10-5 σ-3 (blue triangles); 1.5 ×
10-4 σ-3 (green triangles); 1.5 × 10-3 σ-3 (black rhombs); 0.005 σ-3
(red triangles); 0.015 σ-3 (pink triangles); 0.05 σ-3 (gray circles); 0.15
σ-3 (dark blue squares).

of the end-to-end vector correlation function during the simulation runs of the systems of fully charged chains, f ) 1, with the
degree of polymerization N ) 94. The chain relaxation time
was evaluated by fitting the simulation data to the correlation
function given by eq 12. The obtained correlation times of endto-end vectors show identical N and concentration dependences
as the diffusion times estimated from the mean-square displacement of the chain center of mass.
Parts a and b of Figure 2 show the N dependence of the endto-end vector relaxation time at different polymer concentrations
for fully, f ) 1, and partially, f ) 1/2, charged chains. In a
dilute solution regime the data points approach N 3 dependence
while in semidilute solution regime the data are closer to N 2
dependence. The crossover between the two N dependence
regimes occurs around chain overlap concentration c*. These
N dependences of the chain relaxation time are in an agreement
with the predictions of the scaling model described in section
2.
Our simulations confirm theoretical predictions that relaxation
time in polyelectrolyte solution decreases with polymer concentration in both dilute and semidilute regimes as seen in Figure
3, parts a and b. In the dilute solution regime, the chain
relaxation time shows weak concentration dependence. In this
concentration interval, the decrease of the chain relaxation time
is caused by the chain size reduction due to counterion
condensation on the polymer backbone. With increasing polymer
concentration, the entropic penalty for counterion localization
decreases, resulting in a larger number of counterions residing
in the vicinity of the polymer backbone. These counterions
weaken intrachain electrostatic repulsion and reduce the polymeric size.
In the semidilute solution regime, the chain relaxation time
first decreases with increasing polymer concentration then it
begins to increase. The size of the correlation blob decreases
with increasing polymer concentration leading to weaker
intrachain electrostatic interaction which are screened by surrounding counterions. To verify the scaling relations derived
in section 2, we replotted the simulation data corresponding to
the semidilute solution regime using the following universal
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Figure 2. Dependence of the chain relaxation time on the chain degree
of polymerization at different polymer concentrations: 1.5 × 10-4 σ-3
(green triangles); 1.5 × 10-3 σ-3 (black rhombs); 0.005 σ-3 (red
triangles); 0.015 σ-3 (pink triangles); 0.05 σ-3 (gray circles); 0.15 σ-3
(dark blue squares) for the system of fully (a) and partially (b) charged
chains. Open symbols correspond to dilute and filled symbols to
semidilute solution regimes.

Figure 3. Concentration dependence of the chain relaxation time for
the system of fully (a) and partially (b) charged chains. N ) 25 (dark
blue black squares); N ) 40 (gray circles); N ) 64 (pink triangles); N
) 94 (red triangles); N ) 124 (black rhombs); N ) 187 (green
triangles); N ) 247 (blue triangles).

coordinates τ/(Nξ)2 vs c (see Figure 4, parts a and b). All
simulation data collapsed into one universal curve. At the
intermediate polymer concentration range the simulation data
follow c1/2 scaling in an agreement with theoretical predictions
for the Rouse chain dynamics, τ/(Nξ)2 ∼ c1/2. However, at high
polymer concentrations, c > 0.015 for f ) 1 and c > 0.05 for
f ) 1/2, the simulation data exhibit faster than c1/2 increase with
polymer concentration. In the case of the fully charged chains,
the simulation data scale almost linearly with polymer concentration.
The crossover to the new concentration regime is independent
of the degree of polymerization. Thus, it cannot be associated
with the entanglement threshold. The absence of the N
dependence of the crossover concentration leaves us with two
possible explanations of the slowdown of the chain dynamics.
The upturn in the chain relaxation time could be due to the
crossover to concentrated solution regime in which the electrostatic interactions between charged monomers are completely
screened and chain dynamics is similar to that of neutral chains.
The crossover to the concentrated solution regime2 occurs at c
) cb. The second possibility is that the system approaches a
glass transition with increasing polymer concentration which

is manifested in an increase of the effective monomeric friction
coefficient. We can dismiss the first explanation because if it
was the case the crossover to the concentrated solution regime
should occur at lower polymer concentrations for the system
of partially charged chains, cb ∼ f 2/3.2,8,9 This is not observed
in our simulations. The crossover to the new concentration
regime occurs at higher polymer concentration for the partially
charged chains f ) 1/2 than for the fully charged ones. Thus,
we can argue that the upturn in the chain relaxation time is due
to the increase of the effective monomeric friction coefficient
with increasing polymer concentration.39 For solutions of fully
charged chains, f ) 1, the total concentration of counterions
and monomers is equal to twice the polymer concentration. This
makes average distance between charges shorter and electrostatic
interactions stronger in comparison with the system of partially
charged chains, f ) 1/2, and therefore, the transition occurs
earlier for fully charged chains.
In order to directly test the hypothesis of the concentration
dependence of the monomeric friction coefficient we have
studied the concentration dependence of the chain diffusion
coefficient D. Note that, for the Rouse model the chain diffusion
coefficient is inversely proportional to the chain degree of
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Figure 4. Verification of the scaling relations in semidilute solution
regime for the system of fully (a) and partially (b) charged chains.

polymerization N times the monomeric friction coefficient ξ0,
D ) kBT/(Nξ0). The results of this study are shown in Figure 5,
parts a and b. The chain diffusion coefficient D monotonically
decreases with polymer concentration. This decrease is almost
unnoticeable at very low concentrations (c < 10-4 σ-3).
However, chain diffusion coefficient shows strong concentration
dependence at higher polymer concentrations (c > 10-3 σ-3).
It is interesting to point out that the simulation results can be
fitted to the exponential function DN ) D0 exp(- B(2fcb3)1/3)
over almost entire concentration range. The parameter B is equal
to 2.56 for both fractions of charged monomers and the
parameter D0 is equal to 4.33 σ2/τLJ for the fully charged
chains, f ) 1, and 5.67 σ2/τLJ for the partially charged chains,
f ) 1/2 (see solid lines in Figure 5).
The renormalization of the monomeric friction coefficient can
be included into the Rouse model by substituting the characteristic monomeric time τ0 by the effective monomeric time τeff
) σ 2/(DN) which takes into account the variation of the
monomeric friction coefficient with polymer concentration.

τR ≈ τeff (uf*2)1/6 N 2(cb3)-1/2, c* < c < ce

(17)

To test this hypothesis, in Figure 6, parts a and b, we plot the
dependence of the reduced chain relaxation time τ/(τeff gξξ2)
on the number of correlation blobs per chain N/gξ. This plot
confirms that our data in the concentration range above c*

Figure 5. Dependence of the product of the chain diffusion coefficient
and chain degree of polymerization N, DN on the polymer concentration
for the system of fully (a) and partially (b) charged chains. N ) 25
(dark blue black squares); N ) 40 (gray circles); N ) 64 (pink
triangles); N ) 94 (red triangles); N ) 124 (black rhombs); N ) 187
(green triangles); N ) 247 (blue triangles); N ) 373 (olive green
hexagons).

follows the Rouse dynamics with concentration dependent
monomeric friction coefficient.

τR ≈ τeff gξξ2b-2

()

N 2
, c* < c < ce
gξ

(18)

It is important to point out that the strong renormalization of
the monomeric friction coefficient could be a unique feature of
the simulations without explicit solvent. The simulations with
explicit solvent could show much weaker concentration dependence of the monomeric friction coefficient.
Until now we have presented a detailed study of the whole
chain dynamics. It is interesting to see how well the Rouse
model describes the dynamic properties of the polyelectrolyte
chains at shorter length and time scales. To achieve this goal
we studied behavior of the amplitudes of the Rouse modes
Xp(t) defined as the cosine transform of the radius vector rn(t)
of the nth monomer on the polymer backbone7

Xp(t) )

1
N

∫0N dn rn(t) cos (πpn
N )

(19)
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Figure 7. Dependence of the reduced mean-square average value of
the Rouse mode amplitudes on the mode number p for fully charged
chains with the degree of polymerization N ) 247 at different polymer
concentrations: 1.5 × 10-6 σ-3 (olive green hexagons); 1.5 × 10-5
σ-3 (blue triangles); 1.5 × 10-4 σ-3 (green triangles); 1.5 × 10-3 σ-3
(black rhombs); 0.005 σ-3 (red triangles); 0.015 σ-3 (pink triangles);
0.05 σ-3 (gray circles); 0.15 σ-3 (dark blue squares).

length scale for the distances along polymer backbone |n - m|
> gξ the electrostatic interactions are screened and a polyelectrolyte chain behaves as an ideal chain with the Kuhn length
on the order of the solution correlation length ξ with the average
mean-square distance between nth and mth monomers being
equal to

〈(rn(t) - rm(t))2〉 ≈

ξ2
|n - m|,
gξ
|n - m| > gξ and c > c* (21)

Using expressions in eqs 20 and 21, we can calculate the meansquare average value of the Rouse mode amplitudes in dilute
and semidilute solution regimes (see, for details, ref 7)
Figure 6. Dependence of the reduced chain relaxation time τ/(τeffξ2gξ)
on the number of correlation blobs N/gξ per chain for the system of
fully (a) and partially (b) charged chains. N ) 25 (dark blue black
squares); N ) 40 (gray circles); N ) 64 (pink triangles); N ) 94 (red
triangles); N ) 124 (black rhombs); N ) 187 (green triangles); N )
247 (blue triangles); N ) 373 (olive green hexagons).

In dilute polyelectrolyte solutions the strong intrachain electrostatic interactions result in elongation of the polyelectrolyte
chain. In this concentration regime the average mean-square
distance between nth and mth monomers on the polymer
backbone is equal to

〈(rn(t) - rm(t))2〉 ≈

De2
ge2

(n - m)2 + b|n - m|,
c < c* (20)

where the first term in the rhs of the eq 20 describes an
elongation of the polyelectrolyte chain into array of the
electrostatic blobs and the second term describes chain fluctuations around this rodlike conformation. In semidilute solution
regime for the length scales shorter than solution correlation
length ξ, the chain statistics is similar to the one in the dilute
solution regime. Thus, eq 20 can be used to describe meansquare average distance between two monomers for which the
distance along the polymer backbone |n - m| is smaller than
the number of monomers in the correlation blob gξ. At the larger

{

〈Re2〉

sin4(πp/2)
4

+

b2N
,
(πp)2

(πp)
πpgξ
〈Xp2(t)〉 ≈
2 sin
D
b2N
e
N
N2 2
+
,
ge
(πp)3
(πp)2

( )

for c < c*
(22)
for c* < c

It follows from eq 22 that in a dilute solution there is an evenodd mode effect. For even modes with p ) 2, 4, 6, ..., the first
term is exactly zero and the mode spectrum is identical to the
spectrum of the Rouse modes of an ideal polymer chain.
However, for the odd modes with p ) 1, 3, 5, ..., the mode
spectrum is dominated by the first term for low-frequency
modes. Thus, one should expect oscillations in the mode
spectrum with magnitude of oscillations decaying with increasing the mode number p. Figure 7 shows the spectrum of the
Rouse modes for the fully charged polyelectrolyte chain with
the degree of polymerization N ) 247. To obtain this spectrum
from our simulations we have used the discrete Fourier
transform of the monomer coordinates

Xp(t) )

1

N-1

∑ rn(t) cos
N n)0

(

)

πp(n + 1/2)
N

(23)

As one can see in a dilute solution regime, there are indeed
oscillations in the mode spectrum in agreement with eq 22, c
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Figure 8. Universal plot 〈Xp2(t)〉〈Re2〉/ξ4 vs pg/N for the systems of
fully charged chains, f ) 1, with the degree of polymerizations N )
94 (red symbols), 124 (black symbols), 187 (green symbols) and 247
(blue symbols) in semidilute solution regime at different polymer
concentrations: 1.5 × 10-3 σ-3 (rhombs); 0.005 σ-3 (inverted triangles);
0.015 σ-3 (triangles); 0.05 σ-3 (circles); 0.15 σ-3 (blue squares).

< c*. In the semidilute solution regime 〈Xp2(t)〉 approaches p-2
asymptotic in agreement with the pgξ/N , 1 limit of eq 22.
Analysis of the mode spectrum in semidilute solution regime,
c>c*,

〈Xp2(t)〉 ≈

Nge2

( )

( )

πpgξ
πpgξ
sin
b2gξ2
N
N
ξ4
+
≈ 2
(24)
3
2
(πpgξ/N)
N(πpgξ/N)
〈Re 〉 (πpgξ/N)3

gξ3De2 sin

shows that one can select universal coordinates 〈Xp2(t)〉〈Re2〉/ξ4
and pgξ/N that eliminate an N dependence and collapse
simulation data for different chain degrees of polymerizations
and different polymer concentrations onto one universal plot.
(Note that in rewriting eq 24 we have used the following
relations ξ ≈ Degξ/ge and 〈Re2〉 ≈ ξ2N/gξ, neglected the second
term because it is small for De , ξ.) This universal scaling
plot is presented in Figure 8. There are two clear asymptotic
regimes in Figure 8. For small values of the normalized mode
number, pgξ/N , 1, the function 〈Xp2(t)〉〈Re2〉/ξ4 is proportional
to p-2 while for the mode numbers with pgξ/N ∼ 1, it scales
with the mode number p as p-3. This is exactly what one should
expect in accordance with eq 24.
The mode relaxation time τp can be obtained from the time
correlation function of the Rouse mode amplitudes,
〈Xp(t)‚Xp(t + ∆t)〉. In analysis of our simulation data we have
fitted the correlation function to a simple exponential function
of the following form

〈Xp(t)‚Xp(t + ∆t)〉 ) 〈Xp2(t)〉 exp(- ∆t/τp)

(25)

In the framework of the preaveraging approximation7 the
relaxation times of the Rouse modes τp are proportional to the
mode friction coefficient ζp and 〈Xp2(t)〉, τp ∝ ζp〈Xp2(t)〉. In this
approximation, the effect of the electrostatic interactions is
included into renormalization of the parameters ζp and
〈Xp2(t)〉. In order to test the validity of this approximation for
polyelectrolyte solutions, we have plotted the dependence of
the reduced mode relaxation time τp/(τeffgξξ2) on the reduced
mode number pgξ/N in Figure 9. Normalization of the mode

Figure 9. Dependence of the reduced mode relaxation time τp/(τeffξ2gξ)
on the reduced mode number pg/N for the systems of the fully charged
chains, f ) 1, with the degree of polymerizations 124 (black), 187
(green), and 247 (blue) in semidilute solution regime at different
polymer concentrations: 1.5 × 10-3 σ-3 (rhombs), 0.005 σ-3(inverted
triangles), 0.015 σ-3(triangles), 0.05 σ-3(circles), and 0.15 σ-3(squares).

relaxation time τp by τeff allowed us to account for renormalization of the mode friction coefficient with increasing polymer
concentration. There are two different scaling regimes in Figure
9. For small values of the parameter pgξ/N the reduced mode
relaxation time decreases with increasing the mode number p
as p-2. These Rouse modes correspond to relaxation processes
occurring on the length scales larger than solution correlation
length ξ. For these length scales, the electrostatic interactions
are screened and chain dynamics is similar to the dynamics of
the ideal chain with the Kuhn length on the order of the solution
correlation length ξ. For modes with shorter wavelength, pgξ/N
∼ 1, the reduced chain relaxation time shows faster decrease
with the mode number p, τp ∼ p-3 (see also eq 24). This faster
decay of the mode relaxation time τp with the mode number p
corresponds to relaxation processes of the sections of the chain
smaller than the solution correlation length ξ. Note that this
dependence of the mode relaxation time, τp ∼ p-3, on the mode
number p is a reflection of the strong elongation of the
polyelectrolyte chain at these length scales. Thus, the analysis
of the modes amplitudes (Figure 8) and the spectrum of the
mode relaxation times (Figure 9) confirms the validity of the
preaveraging approximations for polyelectrolyte solutions, and
the existence of the single correlation length ξ, which describes
both static and dynamics properties of the semidilute polyelectrolyte solutions.
4. Summary
We have performed molecular dynamics simulations of
polyelectrolyte dynamics in dilute and semidilute solutions
regimes. In our simulations we used Langevin thermostat to
control system temperature. The simulations with the Langevin
thermostat correspond to the fully draining (Rouse) dynamics
of polymer chains for which the effective chain friction
coefficient is proportional to the number of monomers on the
polymer backbone N. Our simulations have shown that in the
dilute solution regime the chain relaxation time scales with the
chain degree of polymerization as N 3. This strong N dependence
of the chain relaxation time is a manifestation of the strong
elongation of a polyelectrolyte chain due to intrachain electrostatic interactions. The chain relaxation time decreases with
increasing polymer concentration. The decrease in the chain
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relaxation time in dilute solutions can be explained by chain
contraction due to counterion condensation. As polymer concentration increases, the entropic penalty for counterion localization near the polymer backbone decreases leading to the larger
fraction of the counterions residing in the vicinity of the polymer
chain. The increase in the number of condensed counterions
weakens the electrostatic coupling between sections of the
polymer chain decreasing polymer size and speeding up its
motion.
In semidilute solution regime, we observed the inverse squareroot dependence of the chain relaxation time on the polymer
concentration, τ ∼ c-1/2. In this concentration regime the
electrostatic interactions are screened at the length scales on
the order of the solution correlation length ξ. Thus, a polyelectrolyte chain can be considered as a Rouse chain of correlation
blobs. However, at the length scales smaller than the solution
correlation length the strong electrostatic coupling between
sections of the chain still persists and determines the characteristic relaxation time of these chain’s sections. This dependence of the chain relaxation time is in a good qualitatively
agreement with the experimental data by Colby’s group14,15,21,23
on the variety of the polyelectrolyte systems and is the main
reason behind the famous Fuoss law for the concentration
dependence of the polyelectrolyte solution viscosity.
The crossover to the new concentration regime, where chain
relaxation time increases with polymer concentration, occurs
at c > 0.015 for fully charged, f ) 1, and at c > 0.05 for partially
charged, f ) 1/2, polyelectrolyte chains. The crossover concentrations are independent of the chain’s degree of polymerization. Thus, this increase in the chain relaxation time cannot
be related to the crossover to the entangled solution regime.2,14,15,21,23 In fact, it is due to the increase of the monomeric
friction coefficient with increasing polymer concentration. It is
possible that the upturn in the solution viscosity observed in
the Boris and Colby experiments21 and thought as the crossover
to the entangled solution regime is in part due to the renormalization of the monomeric friction coefficient since it shows
unexpectedly weak N dependence, ce ∼ N -0.6. Our simulations
also show that the unentangled semidilute solution regime is
very wide. The longest chains with N ) 373 and 247 start to
overlap at about 10-4 σ-3 and do not show any effect of
entanglements up to our highest polymer concentration 0.15 σ-3.
Thus, the unentangled semidilute solution regime spans 3
decades above the overlap concentration. This result is in
agreement with the prediction of the scaling model of polyelectrolyte solutions.2,8,9
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