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ORIGINAL CONTRIBUTION

The flow-phase diagram of Doi-Hess theory
for sheared nematic polymers II: finite
shear rates

Abstract The purpose of this paper
is to extend the rheological predictions of the Doi-Hess kinetic theory
for sheared nematic polymers from
the anomalous weak shear regime
(Forest et al. 2004a) to arbitrary
shear rates, and to associate salient
rheological and optical properties
with the solution space of kinetic
theory. Using numerical bifurcation
software (AUTO), we provide the
phase diagram of all stable monodomain orientational probability distribution functions (PDFs) and their
phase transitions (bifurcations) vs
nematic concentration (N) and normalized shear rate (Peclet number,
Pe) for Pe‡1. Shear stresses, normal
stress diﬀerences, the peak direction
of the orientational distribution, and
birefringence order parameters are
calculated and illustrated for each
type of PDF attractor: steady ﬂow-

Introduction
In this paper, we extend rheological predictions of the
Doi-Hess kinetic theory (Doi 1981; Hess 1976) for
sheared nematic polymers from the anomalous weak
shear regime (Forest et al. 2004a) to general shear
rates, and to associate salient physical properties with
nonlinear dynamical systems phenomena. Using
numerical bifurcation software AUTO (Doedel et al.
1997), we provide the phase diagram of all stable
monodomain orientational probability distribution
functions (PDFs) and their phase transitions (bifurca-

aligning, both in and out of the ﬂow
deformation plane and along the
vorticity axis; unsteady limit cycles,
where the peak orientation direction
rotates in-plane or around the vorticity axis or in bi-stable orbits tilted
between them; and chaotic attractors ﬁrst observed in kinetic simulations by Grosso et al. (2001). We pay
particular attention to correlations
between rheological features and the
variety of monodomain phase transitions. Together with the weak ﬂow
regime, these results provide a nearly
complete picture of the rheological
consequences of the Doi-Hess kinetic theory for sheared monodomains of rigid, extreme aspect ratio,
nematic rods or platelets.
Keyword Nematic polymer Æ
Kinetic Æ Shear ﬂow Æ Phase
diagram Æ Rheology

tions) vs nematic concentration (N) and normalized
shear rate (Peclet number, Pe) for Pe ‡1. Stresses and
light scattering features are calculated and illustrated
for each type of PDF attractor: steady ﬂow-aligning,
both in and out of the ﬂow deformation plane and
along the vorticity axis; unsteady limit cycles, where
the peak orientation direction rotates in-plane or
around the vorticity axis or in bi-stable orbits tilted
between them; and chaotic attractors ﬁrst observed in
kinetic simulations by Grosso et al. (2001), and independently discovered in mesoscopic tensor models by
Brian Edwards (unpublished) (Forest and Wang 2003;
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Rienacker et al. 2002). We pay particular attention to
the correlation between rheological features and phase
transitions.
Together with the weak ﬂow regime, these results
provide a nearly complete picture of the rheological
consequences of the Doi kinetic theory for sheared
monodomains of rigid, extreme aspect ratio, nematic
rods or platelets. From here, experimental studies are
poised to make deﬁnitive benchmarks of all measurable
predictive features of the Doi theory, e.g., we give detailed features of shear stress and normal stress diﬀerences across the phase diagram. These predictions serve
as a basis to deﬁnitively evaluate the Doi-Hess theory,
and most importantly, to repair weaknesses while preserving strengths of the Doi mean-ﬁeld kinetic theory.
Seminal results of Faraoni et al. (1999), Grosso et al.
(2001), Larson (1990), and Larson and Ottinger (1991)
are placed within the context of the full space of steady
and unsteady, stable and unstable, invariant distribution
functions. Certain general conclusions can be asserted
from the existing kinetic theory. Steady alignment is the
unique response at suﬃciently high Peclet number (Pe)
for each concentration N (ﬂow-alignment), and at sufﬁciently low Pe and high concentrations (vorticityalignment). In the large (approximately a third)
remaining parameter space (N, Pe), dynamics and
complexity of monodomain response governs, including
in-plane to out-of-plane transitions, steady to unsteady
transitions, frequency-halving cascades of bi-stable outof-plane kayaking states, multiple attractors with
distinct orientational and rheological features, and a
considerable parameter domain with chaotic attractors.
Nearly all features of the phase diagram are robust to
constant vs orientation-dependent rotational diﬀusivity,
with changes only in the precise boundary of each region
of ﬁxed number and type of attractor.

Kinetic theory for LCPs of spheroidal molecules
We begin with a brief recall of the problem formulation
and results from Forest et al. (2004a). Let f(m,t) be the
orientational probability distribution function (PDF) for
rod-like, rigid, extremely high-aspect-ratio molecules
with axis of symmetry m on the unit sphere S2. The
Smoluchowski equation for f(m,t) in a ﬂow ﬁeld v is
given by (Doi 1981; Hess 1976)
Df
1
_ ;
¼ R  ½Dr ðmÞðRf þ f RV Þ  R  ½m  mf
Dt
kT
ð2Þ
_ ¼ X  m þ ½D  m  D : mmm;
m

ð1Þ

where Dr(m) is the rotary diﬀusivity which we initially
hold constant, Dr ðmÞ ¼ D0r , consistent with Faraoni
et al. (1999), Forest et al. (2004a), and Grosso et al.

(2001); k is the Boltzmann constant; T is absolute tem@
perature; R ¼ m  @m
is the rotational gradient operator
D
ðÞ denotes the material deriv(Bird et al. 1987); and Dt
@
ative @t ðÞ þ v  rðÞ. We consider simple shear ﬂow in
Cartesian coordinates (x,y,z) with shear rate c_ , x is the
ﬂow direction, y is the ﬂow-gradient direction, and z is
the vorticity axis:
v ¼ c_ ðy; 0; 0Þ ;

ð2Þ

D and W in Eq. (3) are the corresponding rate-of-strain
and vorticity tensors:
0
1
0
1
0 1 0
0 1 0
1
1
D ¼ c_ @ 1 0 0 A; X ¼ c_ @ 1 0 0 A:
ð3Þ
2
2
0 0 0
0 0 0
The Peclet number, Pe ¼ c_ =D0r , is the normalized ﬂowrate parameter. The second-moment of the PDF,
M ¼ hmmi ¼

Z

mm f ðm,tÞdm;

ð4Þ

kmk¼1

determines the mean-ﬁeld, Maier-Saupe excludedvolume potential V,
V ¼

3
N kT mm : M ;
2

ð5Þ

where N is the dimensionless strength of the potential V,
proportional to the concentration of rods. All results given
here extend to high-aspect-ratio, rigid nematic platelets
by a simple symmetry described in Forest et al. (2002).
The phase diagrams are identical after one scales out the
dependence of D0r on molecule shape. After detailed
development of the phase diagram for Dr ðmÞ  D0r , we
present the analogous phase diagram for orientationdependent rotary diﬀusivity, then highlight the overwhelming similarities. The dependence of the phase
diagram on molecule aspect ratio requires, in essence, a
one-parameter continuation of the results presented
here. We have begun those massive numerical studies,
analogous to the mesoscopic model study of Forest and
Wang (2003), to be reported once a clear picture emerges.
The mesoscopic orientation tensor Q is the traceless
part of M,
Q ¼ M  13 I ;

ð6Þ

which provides the link between the kinetic PDF f (m,t)
and rheological measurements of principle directions
and degrees of alignment, and of shear stress and normal
stress diﬀerences. The Appendix gives the formulas for
Q and the stress tensor s associated with any orbit f (m,t)
of the kinetic model (Eq. 3). We refer to Forest et al.
(2004a) for the numerical procedure and protocols, and
report only the results of an extensive study.
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The flow phase diagram for 1 £ Pe £ 10
For weak shear rates, 0<Pe<1, Forest et al. (2004a)
provided a detailed ﬂow-phase diagram. Figure 1 shows
the extension of this bifurcation diagram to the parameter regime 1 £ Pe £ 10, 0 £ N £ 8. The parameter space
divides into 13 distinct regions, labeled I–XIII, where the
number and type of attracting distributions are ﬁxed
within each region. Table 1 gives the attractor type and
multiplicity for each region, whereas Table 2 summarizes the regions where each attractor is found. A summary of the phase transitions that form the boundaries
between these regions appears in Table 3. In Tables 4, 5,
and 6 we also list the monodomain attractors and phase
transitions vs Pe for some chosen concentrations.
We now discuss salient features of the ﬂow-phase
diagram.
Steady ﬂow-aligning and logrolling states
Regions I and XII cover the majority of (N, Pe)
parameter space, wherein the bulk response is steady and
unique.
Region I is the regime of ﬂow-alignment in the plane of
deformation, labeled FA. All suﬃciently dilute concentrations (which are isotropic without ﬂow) lead to simple
ﬂow-alignment of the molecular distribution at onset of
shear; the eﬀect of increased ﬂow rate is to shift the peak
angle of the PDF, called the Leslie angle /L (by analogy
with continuum Leslie-Ericksen theory). This macroscopic feature is calculated by ﬁrst projecting f onto the
ﬁrst ﬁve spherical harmonics, which speciﬁes the secondmoment tensor Q, Eq. (A2), then computing the eigenvalues fdi  13g3i¼1 and corresponding eigenvectors
fni g3i¼1 of Q, from which the largest eigenvalue d1  13

Table 1 Attractor transitions for nematic polymers in the region
1 £ Pe £ 12, 0<N<8 . The regions are deﬁned in Fig. 1 and the
ﬁxed attractors in each region are listed in Table 1
Region

Attractor type

Multiplicity

I
II
III
IV
V
VI
VII
VIII
IX
X
XI
XII
XIII

Flow-aligning (FA)
Out-of-plane steady (OS)
Kayaking 1/Chaos (K1/CH)
Chaos (CH)
Tumbling/Log-rolling (T/LR)
Kayaking 2 (K2)
Kayaking 1/Kayaking 2 (K1/K2)
Kayaking 1-Wagging (K1/W)
Kayaking 1 (K1)
Wagging (W)
Wagging/Log-rolling (W/LR)
Log-rolling (LR)
Kayaking 1-Tumbling (K1/T)

1
2
2
1
2
2
3
2
1
1
2
1
2

signiﬁes the major director,n1. Flow-aligned steady distributions fFA are characterized by nFA
1 ¼ n1 ðQðfFA ÞÞ of
the form
nFA
1 ¼ ðcos/L ; sin/L ; 0Þ;

ð7Þ

where /L is called the Leslie alignment angle. Figure 2
depicts /L vs Pe for several concentrations: the lowest
concentrations N=4.6 and N=4.7 are in the bi-stable
range of isotropic and nematic quiescent states, whereas
N=5.05, 5.5, 6.4 are nematic concentrations which require increasingly higher shear rates to access Region I.
Note that /L(N, Pe) is generally small for nematic concentrations and suﬃciently high shear rates, Pe ‡1, i.e.,
the major director orients close to the ﬂow axis; /L can
be positive or negative. Even for the concentration
N=4.6 (near the quiescent isotropic state), for which
/L  10 as Pe ﬁ 0, /L quickly drops toward the ﬂow
axis as Pe increases.
The degree of alignment, characterized by d1, and the
ﬂow birefringence, characterized by d1)d3 and d2)d3, of
FA states are given in Fig. 3. For comparison, the quiescent values of d1 for N=4.6, 4.7, 5.05, and 5.5 are
given as black dots in Fig. 3 along the Pe=0 vertical
axis. We observe that the degree of alignment for shearinduced ﬂow-aligning states grows continuously and
Table 2 Stable states (attractors) and multiplicity for each region
in the bifurcation diagram, Fig. 1

Fig. 1 Bifurcation diagram of all stable states in N, Pe space.
Table 1 lists stable state(s) for each region labeled from (I) to (XIII)

Stable attracting states

Region

Flow-aligning (FA)
Out-of-plane steady (OS)
Kayaking 1 (K1)
Chaos (CH)
Kayaking 2 (K2)
Tumbling (T)
Wagging (W)
Log-rolling (LR)

I
II
III, VII, VIII, IX
III, IV
VI, VII
V, XIII
VIII, X, XI
IX, XII
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Table 3 Parameter regions I–XIII of Fig. 1 where each attractor
type is resonated
Boundary
(bottom to top)

Bifurcation type

Attractor transition
(bottom to top regions)

VI–II
IV–VI
XII–V

Hopf
Periodic doubling
Periodic doubling

XII–IX
IX–XIII

Hopf
Periodic doubling

XI–VIII
VIII–VII
VII–VI

Hopf
Transcritical
Saddle-node

VIII–X

Saddle-node

X–I
VII–III
III–IV

Hopf
Periodic doubling
Saddle-node

to OS+,)
Kþ;
2
Chaos to Kþ;
2
Unstable to stableT,
LR remains
LR to K1
Unstable to stableT,
K1 remains
LR to K1, W remains
TW to K2, K1 remains
K1 disappears, stable
remain
Kþ;
2
K1 disappears, stable
W remains
W to FA
to chaos
Stable Kþ;
2
K1 disappears,
chaos continues

Fig. 2 Leslie angle of the stable ﬂow-aligning states (Region I,
Fig. 1) for ﬁve diﬀerent concentrations N

Table 4 Monodomain attractors and phase transitions vs shear
rate Pe at ﬁxed concentration N=5.2, Fig. 1
State

K1

K1/TW

K1/K2

K1/CH

Pe Region
State
Pe Region

(0, 2.17)
CH
(3.99, 4.10)

(2.17, 2.53)
K
(4.10, 4.65)

(2.53, 2.69)
OS
(4.65, 4.98)

(2.69, 3.99)
FA
(4.98, 10.0)

Table 5 Monodomain attractors and phase transitions vs shear
rate Pe at ﬁxed concentration N=5.5, Fig. 1
State

LR

K1

K1/TW

K1/K2

Pe Region
State
Pe Region

(0, 2.33)
K2
(5.38, 6.38)

(2.33, 3.31)
OS
(6.38, 6.60)

(3.31, 4.44)
FA
(6.60, 10.0)

(4.44, 5.38)

Table 6 Monodomain attractors and phase transitions vs shear
rate Pe at ﬁxed concentration N=6, Fig. 1
State

LR

LR/TW

K1/TW

TW

Pe Region
State
Pe Region

(0, 5.22)
K2
(8.33, 9.00)

(5.22, 7.63)
OS
(9.00, 9.07)

(7.63, 8.16)
FA
(9.07, 10.0)

(8.16, 8.33)

rapidly for concentrations near the quiescent isotropicnematic transition. By contrast, at higher nematic
concentrations, there is an initial drop in d1 from the
quiescent value to values shown in Fig. 3. Recall ﬂowaligning states ﬁrst occur only above a critical Pe vs N.
Then, d1 grows slowly as Pe increases, requiring very
high Pe  20 or higher to regain the quiescent value.

Fig. 3 Order parameters for the stable ﬂow-aligning states. The
largest eigenvalue d1 of the second-order moment M is shown prior
to ﬂow (solid dots on the Pe=0 axis), and then in the range of Pe
with FA attractors at four distinct concentrations N=4.6, 4.7, 5.05,
and 5.5. In the bottom ﬁgure, the maximum birefringence, d1)d3,
and the degree of biaxiality, d2)d3, are computed from M and
depicted for the range of Pe at each concentration from the top
ﬁgure. Arrows in the bottom ﬁgure indicate increasing Pe. The
turning point along the curve for N=5.05 indicates passage
through a uniaxial state (d2)d3)
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These results capture tug-of-war for technological
applications of nematic polymers in shear-dominated
processing ﬂows. By controlling N and Pe in Region I,
the ﬂow achieves the
the principle
 goal of selecting

alignment direction h ¼ p2 ; / ¼ /L ) which is arbitrary
otherwise. However, one sacriﬁces the strong focusing of
the PDF in the quiescent nematic phase and must impose very high shear rates to regain the degree of
alignment.
To make these results concrete, we provide the second
moment tensor Mtheory derived from the PDF for N=5.5,
Pe=9.6 to compare with experimental data on 13.5 wt%
PBDG at a shear rate of 100 s)1 (Burghardt 1998):
0
1
0:726 0:004
0:
0: A
Mtheory ¼ @ 0:004 0:144
0:
0:
0:130
0
1
0:782 0:003
0:
Mexperiment ¼ @ 0:003 0:112
0: A
0:

0:

0:106

The theory predicts the Leslie alignment angle is
)0.39, while the experiment shows this angle is )0.26.
Birefringence parameters d1)d3, d2)d3 for these two
tensors are 0.596, 0.014 and 0.676, 0.006, respectively.
Thus, without tortuous parameter ﬁtting, the kinetic
theory easily reproduces data in the simplest response
Region I of in-plane ﬂow-alignment.
The apparent viscosity (g), ﬁrst (N1) and second (N2)
normal stress diﬀerences of FA states for nematic concentrations across Region I are computed in Fig. 4 and
represented as ﬁlled Ds (which also connects these
properties to diﬀerent attractors in neighboring regions).
One observation is that, at the birth of the FA states at a
critical Pe for each N, the ﬁrst normal stress diﬀerence is
negative (N1<0), then N1 grows with Pe, reaching positive values for N=5.05, but remaining negative out to
Pe=10 for high concentrations. For ﬁxed N and suﬃciently large Pe, N1 becomes positive. N2 remains suﬃciently close to zero to be experimentally negligible,
whereas the apparent viscosity thins on the order of 10%
over the Pe range given.
Region XII is the logrolling (LR) regime, characterized by major director n1 aligned with the vorticity axis,n1=(0,0,1). This is the unique response for suﬃciently
high concentrations and suﬃciently weak ﬂow rates. The
explicit constraints are given numerically by the two
bifurcation curves of Fig. 1 that form the boundary of
Region XII with Regions IX and XI, respectively. The
LR attractor persists into Regions XI and V, where it coexists with an in-plane, stable periodic PDF called
tumbling (T) or wagging (W), which we discuss later.
The degrees of alignment, ﬂow birefringence, and
stress predictions for the LR states of Regions XII, XI,
V are provided in Figs. 5 and 6. One concludes that

Fig. 4 Normal stress diﬀerences and apparent viscosity for several
vertical slices of Fig. 1. The fonts label diﬀerent attractor type:
Dashed line (–) for TW, stars (*) for tilted kayaking K
2 , solid line
()) for OS±, and ﬁlled triangles (m) for FA

increasing ﬂow rate leads to greater biaxiality (d2)d3
increases) yet lower maximum degree of orientation (d1
decreases), and after an initial gain in maximum ﬂow
birefringence (d1)d3 increases for 0<Pe<1), an increase
in ﬂow rate reduces d1)d3 until the unsteady transition
to Region VIII or XIII where LR bifurcates into a
kayaking orbit. Contrary to the FA Region I, once the
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Fig. 5 Order parameters for the stable LR states. The top ﬁgure
depicts the largest eigenvalues d1 of the second-moment tensor M.
The bottom ﬁgure depicts the maximum birefringence d1)d3 and the
biaxiality parameter d2)d3, which starts at d2)d3=0 since all
nematic equilibria (Pe=0) are uniaxial. Arrows in the bottom
ﬁgure indicate the direction of increasing Pe

LR regime is accessed and orientational degeneracy has
been broken in favor of the vorticity axis, it is preferable
to lower shear rate in order to recapture the quiescent
degree of molecular alignment.
For LR states, the normal stress diﬀerences N1 and
N2 are both positive, increasing functions of N and Pe
across Regions XII, XI. The apparent viscosity g shows
no dramatic features, dropping slightly at higher concentrations, and growing very slightly for increased Pe
at ﬁxed N.
Region II: stable out-of-plane steady states
Stable out-of-plane steady states OS± exist only in a
narrow parameter band (Region II). If we ﬁx the concentration and decrease the Peclet number, they arise in
pairs through a symmetric pitchfork bifurcation of the
in-plane FA state, and disappear through a Hopf
bifurcation when a pair of stable tilted kayaking (K2)

Fig. 6 Normal stress diﬀerences and apparent viscosity for the LR
stable states of Fig. 5

orbits emerge, discussed later. For N near 4.7, OS±
states may coexist with a K1 stable state for small Pe
(Forest et al. 2004a). However, when N is away from 4.7,
OS± are the only stable states in Region II. For suﬃciently large N>6.24 or suﬃciently large Pe>10.1, these
states do not exist.
These mirror-symmetric states may be considered to
be anomalous, and perhaps unphysical and merely an
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artifact of the theory. However, they occur in kinetic and
mesoscopic models whenever the ‘‘tilted kayaking’’
states K
2 exist. From a fundamental physics perspective,
these OS± states are important for two reasons. They
connect the in-plane FA steady response continuously to
the out-of-plane, tilted kayaking response, K
2 . Their
existence implies the in-plane steady to out-of-plane unsteady transition is a second-order (continuous) phase
transition. Furthermore, as transition states to K
2
attractors, the OS± states are thus far always present
nearby the regime of chaotic response.
When the out-of-plane stable steady states ﬁrst occur
in weak shear near N=4.7, the spherical polar angle
(between the vorticity axis and the ﬂow deformation
plane) of the steady state on either side of the shear plane
continuously spans from p2 to almost 0 or p in a very
narrow interval of Pe (Forest et al. 2004). As N increases,
the range vs Pe of the steady polar angle shrinks gradually; when the stable OS± states disappear at N=6.24,
the polar angle limits to a single value p2, where transition
from OS± to FA states occurs. This phenomenon is depicted in Fig. 7. It also shows that the azimuthal angle of
OS± steady states is always negative, between 0 and 5,
meaning the major director is close to the ﬂow-vorticity
(x-z) plane. Using the kayaking imagery, the paddle
(major director) remains at a very shallow depth.
The normalized normal stress diﬀerences N1, N2, and
the shear stress g for stable out-of-plane steady states are
plotted in Fig. 8, as well as in Fig. 4 for comparison with
other stable states. The signs of N1 and N2 are not definite, and can be continuously switched by varying either
N or Pe. Along the OS± states, for ﬁxed N and
increasing Pe, N1 decreases, while N1 and g increase as
the major director swings steadily out-of-plane preparing to begin the K
2 oscillatory response. These features
are likely beyond experimental resolution. The most
salient observations arise from Figs. 4 and 8. At the
pitchfork bifurcation from OS± to FA stable states, N1
attains a local minimum, while N2 and the shear stress g
attain local maxima. At the other boundary of Region
II, the Hopf bifurcations from OS± to K
2 , N1 attains a
maximum, and N2 and g attain minima.
Thus the OS± emergence and disappearance are
associated not with sign changes of N1, N2, but with local
maxima or minima of stress features!
Stable tumbling and wagging states
The largest wedge-shaped parameter region of VIII, X,
XI, XIII, V in Fig. 1 has stable in-plane, oscillatory
states called tumbling (T, in Regions XIII, V) and
wagging (W, in Regions VIII, X, XI). Either T or W is
the unique attractor only in Region X, bistable in Region VIII, XIII with out-of-plane K1 orbits, and bistable
in Region XI, V with steady LR states.

Fig. 7 Azimuthal (in-plane) angle and polar angle of the major
director for the symmetric pair of out-of-plane stable steady states,
OS±. The polar angle is measured from the vorticity (z) axis to the
shearing plane, and the azimuthal angle is measured counterclockwise from the ﬂow axis. The bistable states OS+, OS) are mirror
symmetries of each other, with equal azimuthal angle and polar
angle / and 180)/

We note further that T states exist in the lower Pe
regions IX and XII, but they are unstable to arbitrary
out-of-plane perturbations. We refer to Forest et al.
(2004a) for details. From Fig. 1, T/W attractors exist in
a range of Pe, PeL<Pe<PeU, for each N>4.75, where
PeL and PeU increase vs N, forming regions VIII, X, XI,
XIII and V. The key bifurcations to understand can be
described by ﬁxing N>4.75, and ﬁnding the lower and
upper values of Pe with T/W attractors. A typical slice
of all stable and unstable solutions vs Pe is given by the
bifurcation diagram for N=5.5 given in Fig. 9. T
attractors arise through an instability-stability transition
due to collision of unstable T and unstable K1 branches.
The T–W transition occurs typically along the stable
branch. The W orbit then destabilizes through an outof-plane transition to a pair of K
2 states.
Tumbling or wagging periodic distributions can be
characterized as follows by computing the major director n1 of the second-moment Q of the PDF:
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Fig. 9 A detailed bifurcation diagram of unstable (dashed) and
stable (solid) monodomain PDFs vs Pe for ﬁxed concentration
N=5.5. The transition sequence vs Pe is given in Table 5

pressed timescale of director resetting from minimum to
maximum angle. The transition from tumbling to wagging states is around Pe=3.55.

Fig. 8 First and second normal stress diﬀerences and apparent
viscosity for the OS± stable steady states of Fig. 7

n1 ðQðf ðm; tÞÞÞ ¼ ðcos/ðtÞ; sin/ðtÞ; 0Þ ;

ð8Þ

where the angle /(t) of the director n1 is monotone for
tumbling orbits and oscillates in a ﬁnite range for wagging orbits. Figure 10 shows the angles for two wagging
states with parameters N=5.5 and Pe=3.56, 4, respectively. One observes larger amplitudes of oscillation as
the W–T transition is approached, along with a com-

Fig. 10 Dynamics of the Leslie angle computed from the major
director of the PDF along the W branch of attractors in Fig. 9, for
two shear rates Pe=3.56 and 4.0. Note the maximum amplitude
contracts as Pe increases
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Fig. 11 Transient passage through defect states and the T-W
transition. Eigenvalues of the second moment tensor Q(f) for
N=5.5 and three diﬀerent Peclet numbers. Top ﬁgure: T attractor
for Pe=3.40. Middle ﬁgure: T-W transition for Pe=3.55. Bottom
ﬁgure: W attractor for Pe=3.60. The largest eigenvalue remains
simple during the T and W limit circles, so that the major director is
always uniquely deﬁned. However, the limit cycle near the T-W
transition leads to a multiple largest eigenvalues, where the major
director is degenerate

Figure 11 shows the three eigenvalues of the second
moment tensor Q during the transition between tumbling and wagging. We conclude that, at the transition
point, the periodic states pass through the defect state
(the two largest eigenvalues are the same, so the major
director is not uniquely deﬁned), while for both tumbling and wagging states, the largest eigenvalue remains
simple.

Fig. 12 Average normal stress diﬀerences and apparent viscosity
for tumbling/wagging stable states of Regions VIII, X, XI, XIII, V
of Fig. 1, corresponding to three ﬁxed nematic concentrations.
Dots on each curve indicate the shear rate where the tumbling to
wagging transition occurs

Figure 12 shows the averaged ﬁrst (N1) and second
(N2) normal stress diﬀerences, as well as the apparent
viscosity (g). The dots on those curves indicate the
transition between the tumbling and wagging state. One
observes these rheological properties change gradually
during the T–W transition as shown also by experiments
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(Mewis et al. 1997). However, we do ﬁnd that the ﬁrst
normal diﬀerence N1 changes sign (from positive to negative) around this transition point. The second normal
stress diﬀerence is primarily positive for both tumbling
and wagging states. All these quantities are monotone
functions of the Peclet number. From Fig. 4 (dashed
line), one also knows that N1 attains its minimum
(negative) and N2 attains its maximum during the transition from wagging states to tilted kayaking (K2) states.
The transition from W to FA is characterized by a
negative, local minimum value (i.e., the maximum negative value) of N1, which is consistent with experiments
by Mewis et al. (1997) where their conclusion is that
transition from T to FA occurs around the maximum
negative value of N1.
Stable kayaking (K1) and tilted kayaking (K2) states
Stable kayaking (K1) states exist for intermediate concentrations (Regions III, VII, VIII, IX). For ﬁxed concentration and variable Pe, the K1 attractor emerges in
two diﬀerent scenarios. One is an immediate emergence
from a quiescent nematic phase in weak shear at nematic
but not high concentrations. Another is emergence from
the logrolling state by Hopf bifurcation at larger concentrations and above a critical Pe. In all cases, K1 states
disappear through a turning point bifurcation as Pe
increases. Experimentally, the kayaking response will
simply disappear at a critical Pe, and an apparent ﬁrstorder phase transition will be observed! In actuality,
Table 3 explains that one passes from bi-stable (VIII–X)
or tri-stable (VII–VI) regimes where K1 coexists with W

or K
2 orbits to a regime with only W or K2 attractors.
Paired tilted kayaking states (K
)
arise
as Pe
2
increases through a pitchfork bifurcation of the wagging
branch, and as Peclet decreases through Hopf bifurcations of the out-of-plane steady state pair, shown in
Figs. 13 and 9. While these transitions into and out of
K1 orbits are robust, signiﬁcant diﬀerences in the surrounding stable and unstable PDFs are evident from
Figs. 13a (N=5.05), 13b (N=5.2), and 9 (N=5.5).
These symmetric K2 orbits are critical to the period-doubling bifurcation sequence to the chaotic Regions IV and
V. The concentration N=5.5, Fig. 9, suppresses the
period-doubling behavior, and thereby suppresses
so-called rheochaos. At lower concentrations, N=5.05
(Fig. 13a) and N=5.2 (Fig. 13b), two very diﬀerent
bifurcation scenarios are shown, both with period-doubling sequences to chaos.
For stable K1 and K2 states, the averaged ﬁrst (N1) and
second (N2) normal stress diﬀerences, as well as the
apparent viscosity (g), are plotted in Figs. 14 and 15,
respectively. Compared with tumbling/wagging states,
these properties for K1 states reverse monotonicity as the
Peclet number increases. Typically, N1(K1)>0 increases,

Fig. 13 Subtle diﬀerences in the Pe-dependent bifurcation sequence as one varies concentration N. The top ﬁgure is the
bifurcation diagram for N=5.05, the bottom ﬁgure is for N=5.2.
These diﬀerences appear to be important in the dynamical
properties of the chaotic attractors (private study by Kevrekidis,
Russo and the authors)

while in Region VIII where K1 states co-exist with the
wagging state, N1(W)<0 decreases. This is one rheological diﬀerence between in-plane wagging states and outof-plane kayaking K1 states, which might be useful to
conﬁrm experimentally. Mostly, but not uniformly,
N1(K2)<0. From Fig. 4, both N1(K2)<0 and N1(W)<0,
but contrary to the stable wagging W states, N1 increases
and N2 decreases for K2 orbits as the shear rate Pe
increases. This Pe-dependent feature may help to distinguish
experimentally in-plane wagging states and out-of-plane
tilted wagging states. However, for both K2 and W states,
the apparent viscosity g decreases. During the unsteadysteady transition from K2 to steady OS states, N1attains its
maximum, while N2 and g attain their minimum.
Period doubling and chaos
Chaotic dynamics (in Regions III, IV, Fig. 1) in sheared
liquid crystalline polymers has been studied carefully by
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Fig. 14 Time averages of normal stress diﬀerences and apparent
viscosity for kayaking (K1) stable states

Grosso et al. (2001) using the kinetic model. Forest and
Wang 2003; Rienacker et al. 2002 also give a detailed
analysis using mesoscopic models. For completeness, in
Fig. 16, we show two period-doubled kayaking K2 states
and a chaotic attractor which results from a perioddoubling cascade. The normal stress diﬀerences N1 and
N2 oscillate between positive and negative values for all
these attractors. We only report a short time series from

Fig. 15 Average normal stress diﬀerences and viscosity for kayaking K2 stable states (data for the unstable branch for N=5.2 is
also shown as dashed line)

the chaotic attractor. On a longer timescale, the major
director in fact jumps to cover diﬀerent patches on the
sphere, as shown in mesoscopic simulations (Forest and
Wang 2003). A reﬁned study of at least two distinct
chaotic attractors by Russo, Kevrekidis, and the authors
will be reported elsewhere.
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Fig. 17 Flow-phase diagram of the Smoluchowski equation (Eq. 1)
with variable orientation-dependent rotational diﬀusivity. Table 1
lists all attractors for each region I–XIII

Fig. 16 The period-doubling route to rheochaos for ﬁxed concentration N=5.2 as shear rate decreases, Pe=4.07, 4.05 and 4.044,
respectively, from top to bottom. Left ﬁgures show the major
director on the sphere, while right ﬁgures show the rheological
phase plot of normal stress diﬀerences (N1, horizontal axis; N2,
vertical axis)

Orientation-dependent rotational diffusivity
For completeness, we give the phase diagram with orientation-dependent rotational diﬀusivity, that is, Eq. (1)
with
!2
Z
0 4
0
0
0
Dr ðmÞ ¼ Dr
jjm  m jj f ðm Þ dm
:
ð9Þ
p jjm0 jj¼1
To simplify the calculation, we adopt the strategy
used by Larson and Ottinger (1991) to move Dr out of
the rotational operator. The phase diagram is shown in
Fig. 17. Comparing this phase diagram and the phase
diagram in Fig. 1 with constant orientation-dependent
rotational diﬀusivity, we ﬁnd that these two diagrams
are qualitatively the same.

Conclusion
The kinetic phase diagram of Doi-Hess theory for
sheared nematic polymer monodomains has been

described in detail. This diagram gives the complete set
of stable orientational distribution functions vs concentration N and normalized shear rate Pe, together
with the myriad of phase transitions. Furthermore, the
measurable rheology of each attractor has been presented, together with detectable signatures of phase
transitions, and robust features which may guide experimentalists to distinguish the subtle diﬀerences between in-plane and out-of-plane limit cycles. We close
with a general resumé of the kinetic theory predictions:
– FA states exist for any N and suﬃciently high Pe. The
Leslie alignment angle is small, yet it can be either
positive or negative. N1 is positive for low concentrations yet negative at high concentrations; N1 increases with Pe in either case. The magnitude of N2 is
small and decreases with Pe. The apparent viscosity g
exhibits weak shear thinning.
– For LR states, N1>0, N2>0 and both of them are
increasing functions of Pe for any N; g grows only
slightly with Pe.
– Out-of-plane steady states OS± only exist in a very
narrow band in the (N,Pe) parameter space. The
transition between OS± and FA states is characterized by a local minimum of N1 and a local maximum
of N2 and g, while the transition between OS± states
and K2 states is characterized by a local maximum of
N1 and local minimum of N2 and g.
– For T/W states, N1decreases with Pe and N2>0 increases. Generally, N1>0 for tumbling states and
N1<0 for wagging states, that is, the transition from
T to W is loosely characterized by a sign change in N1.
– From the average apparent viscosity, K1 states are
shear thickening, while K2 states are shear thinning.
For both K1 and K2 states, N1 increases and N1 decreases as Pe increases, contrary to the in-plane T/W
states, for which N1 is decreasing and N2 is increasing.
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– For the chaotic attractors CH, N1 and N2 oscillate
erratically, changing sign frequently.
It is hoped that this resumé of attractors and rheological features can serve as a guide for experimentalists
to interpret shear data on nematic polymers. It is further
hoped that shortcomings of the Doi-Hess theory may
be organized within this framework, so that necessary modiﬁcations can be systematically explored.
Finally, the myriad transition phenomena pose high
hurdles for theorists who aspire to rigorous results on
the Doi-Hess-Smoluchowski equation.
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Suppose the PDF has the following spherical harmonic
expansion:
1 X
l
X

al;m ðtÞYlm ðh; /Þ;

ðA5Þ
ðA6Þ

where, <(Æ) and I(Æ) represent the real and the imaginary
part of the number respectively.
The extra stress in dimensional form is given by
(Wang 2002)
I
s ¼ ðg0 þ 3mkT f3 ÞD þ 3 a mkT ½Q  N ðQ þ ÞQ þ N Q
3


: mmmm þ3mkT ½f1 ðDM þ MDÞ þ f2 D : M4 ;
ðA7Þ
where, g0 is the isotropic viscosity, f0 is a free parameter
determined experimentally, m is the molecule number
density, and all other parameters are prescribed by the
molecule aspect ratio r:
ð0Þ

Appendix. Second moment projection and stress
formula

f ðm; tÞ ¼

rﬃﬃﬃﬃﬃﬃ
8p
Qxz ¼ 
<ða2;1 Þ
15
rﬃﬃﬃﬃﬃﬃ
8p
=ða2;1 Þ
Qyz ¼
15

f3 ¼ fI1 ; f1 ¼ fð0Þ ðI13  I11 Þ; f2 ¼ fð0Þ ½I1JJ13 þ I11  I23 ;
R1
R1
dx
dx
I1 ¼ 2r 0 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
; I3 ¼ rðr2 þ 1Þ 0 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
;
3
2
ðr þxÞð1þxÞ
ðr2 þxÞð1þxÞ2 ðr2 þxÞ
R1
R1
xdx
xdx
; J3 ¼ r 0 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
:
J1 ¼ r 0 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2 2
2
2
ðr þxÞð1þxÞ

ðr þxÞð1þxÞ ðr þxÞ

ðA8Þ
ðA1Þ

l¼0 m¼l

where Ylm are complex spherical harmonic functions.
The ﬁve independent components of the second moment
tensor Q can be expressed as
rﬃﬃﬃﬃﬃﬃ
rﬃﬃﬃ
2 p
8p
<ða2;2 Þ
Qxx ¼ 
ðA2Þ
a2;0 þ
3 5
15
rﬃﬃﬃﬃﬃﬃ
rﬃﬃﬃ
2 p
8p
<ða2;2 Þ
Qyy ¼ 
ðA3Þ
a2;0 
3 5
15
rﬃﬃﬃﬃﬃﬃ
8p
=ða2;2 Þ
ðA4Þ
Qxy ¼ 
15

In our calculations, we have used values f1=0,
f2=0.1, f3=0.001, consistent with extremely large
aspect ratio rod-like nematic polymers, r 1. For the
fourth moment tensor hmmmmi we do not use any closure rule. The exact calculation of this tensor can be
found in the Appendix in Forest et al. (2004b).
The ﬁrst and second normal stress diﬀerences N1 and
N2, and the apparent viscosity g are computed as
N1
N2
g

¼
¼
¼

sxx  syy ;
syy  szz ;
sxy =Pe :

ðA9Þ

All these quantities are normalized by 3mkT.
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