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Abstract

Mechanical properties of nanocomposites consisting of epoxy matrix reinforced with randomly oriented graphite platelets were stud-
ied by the Mori–Tanaka approach in conjunction with molecular mechanics. Elastic constants of graphite nanoplatelets, which are the
inclusion phase in the micromechanical model, were calculated based on their molecular force field. The calculated elastic constants com-
pared well with both experimental data and other published theoretical predictions. The results of the Mori–Tanaka micromechanical
analysis, using the graphite platelet moduli calculated by molecular mechanics, were found to be insensitive to the variation of out-of-
plane modulus E3 and Poisson’s ratio m13. However, the nanocomposite modulus is sensitive to the in-plane modulus E1 and out-of-plane
shear modulus G13 of the graphite platelets and less sensitive to the in-plane Poisson’s ratio m12 for its small range of variation under
consideration. The calculations confirm that the modulus of the nanocomposites studied here is strongly dependent on the aspect ratio
of the reinforcing particles, but not on their size. The predicted moduli compare favorably with experimental results of several nanocom-
posites with graphite particles of various aspect ratios and sizes.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Graphite platelets are often used in polymeric matrices
to enhance mechanical properties and impart physical
functionalities such as electrical and thermal conductivities
[1–4]. However, it is not easy to intuitively predict the
mechanical properties of the resulting nanocomposites
due to the anisotropic properties and morphology of the
particles. Thus, it is desirable to carry out analytical or
numerical analyses to understand how the particles affect
the mechanical behavior of the composite.

Multi-scale analyses have been conducted for nanoparti-
cle reinforced polymeric composites by incorporating
molecular mechanical models into continuum models in
recent years [5–8]. In general, the mechanical properties
of nanostructured particles, expressed with atomic struc-
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tures for the calculation, were evaluated by molecular
mechanical analysis and subsequently, the nanoparticles
were treated as equivalent solid particles, embedded in
the polymeric matrix. The mechanical properties of the
nanocomposite [5,6] and the load-transfer between the par-
ticles and matrix [7,8] were investigated with analytical
and/or numerical micromechanical models.

In this study, following a similar analysis scheme, the
elastic constants of graphite nanoplatelets were calculated
based on molecular mechanics and subsequently, used in
a micromechanical model based on the Mori–Tanaka
method to calculate elastic constants of the nanocomposite
[9]. We adopted the continuum approach because the
dimensions of the platelet surface and edge are in the
micrometer range, which allows for a large number of
binding sites between the platelet and epoxy and justifies
the continuum assumption. With the established model,
the aspect ratio effect of the graphite particles on the elastic
moduli of their composites was investigated. In addition,
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the effect of out-of-plane elastic constants of the nanopar-
ticles was investigated, since, unlike in-plane elastic con-
stants, there is a wide scatter in reported out-of-plane
constants [10–18].

The experimental verification of the model was carried
out with nanocomposites processed with two different
types of particles, ‘‘as-received’’ and ‘‘intercalated and
exfoliated’’. They provided different aspect ratios for eval-
uation of their effect.

2. Elastic properties of graphite

2.1. Structure of graphite

Graphite has a layered structure, as shown in Fig. 1. In a
layer, carbon atoms are arranged in a hexagonal pattern
with the shortest distance between atoms being 1.42 Å.
The unit cell of the layer is hexagonal and comprises two
atoms. In hexagonal graphite, the layers are stacked along
the thickness direction (c-axis) in the so-called AB
sequence. Each AB-layer is formed from an A layer by dis-
placing it along the c-axis by half the crystallographic
c-axis spacing of 3.35 Å and translating it in parallel by a
distance equal to one side of the hexagon [19]. Here, the
carbon layers are often called graphene layers or graphene
sheets.

Carbon atoms in a graphene sheet are covalently
bonded by sp2 hybridized electrons, and their bond angle
is 120� as illustrated in Fig. 1. This C–C bond in a graphene
sheet is stronger than a single covalent C–C bond [20].
Adjacent graphene sheets are held together by weak van
der Waals bonds, thus, the graphite displays softness along
the c-axis and the graphene sheets can easily slide with
respect to each other.
6.7 Å

1.42 Å 
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Fig. 1. Graphite structure.
2.2. Molecular mechanical analysis

2.2.1. Interatomic potential functions

Molecular mechanics is an approach for investigating
the mechanical behavior of a material in nanoscale. In
molecular mechanics, the interaction between atoms is
modeled in terms of energy associated only with their
nuclear positions. The total potential energy of graphite
can be expressed as a sum of several energy terms;

U t ¼ U bond þ U angle þ U torsion þ U inversion þ U non-bonded; ð1Þ
where Ubond, Uangle, Utorsion, and Uinversion are potential
energies associated with bond-stretching between two
bonded atoms, angle-bending by three neighboring atoms,
angle variation between two planes formed by four neigh-
boring atoms, and also angle variation of two planes
formed by four atoms where one atom is bonded to the
other three, respectively; Unon-bonded may include energies
by non-bonded atoms typically due to the van der Waals
and electrostatic interactions.

For graphite under in-plane loading (loading in the 1- or
2-direction in Fig. 2), the bond-stretching and angle-bend-
ing energy terms (Ubond and Uangle) are assumed to contrib-
ute significantly to the total potential energy. Several
potential functions are available to describe the energy
terms Ubond and Uangle, such as the harmonic [21], Ters-
off–Brenner [22], EAM (Embedded Atom Method) [23],
and modified Morse [24] potential functions. Generally,
the Tersoff–Brenner potential function is more accurate
and versatile for describing the C–C bond in a graphene
sheet. However, it is cumbersome to implement the neces-
sary numerical calculations.

The analysis was somewhat simplified by Belytschko
et al. [24] who adopted the Morse potential function and
added an angle-bending term to stabilize the structure of
the carbon nanotube for the study of fracture behavior of
single-walled carbon nanotubes. They chose its constants
to emulate Brenner’s potential function for strains below
10%. The constants of the angle-bending energy
in the modified Morse potential function were further
1
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3

Fig. 2. Graphite under in-plane loading.
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modified by Xiao et al. [25] based on Chang and Gao’s
model [21] to make the potential function more suitable
for studying the elastic behavior of carbon nanotubes.

In this study, the modified Morse potential function and
its constants by Xiao et al. [25] were adopted to describe
the in-plane elastic behavior of graphite and are given as
follows:

U in-plane ¼ D 1� e�bðDrÞ� �2� 1
n o

þ 1

2
kh1ðDhÞ2 1þ kh2ðDhÞ4

h i
;

ð2Þ
where D = 6.031 nN Å, b = 2.625 Å�1, kh1 = 14.2 nN Å/
rad2, and kh2 = 0.754 rad�4; Dr is the variation of bonding
length between bonded carbon atoms; Dh is the variation of
the angle formed by three neighboring atoms.

For out-of-plane deformation, such as uniaxial deforma-
tion along the 3-axis or shear deformation between graphene
sheets on the 1–2 plane, as seen in Fig. 3, non-bonded atomic
interaction accounts for the main contribution to the total
potential energy. The carbon atoms in adjacent graphene
sheets physically interact with each other by the van der
Waals force field. This non-bonded atomic interaction can
be expressed using a Lennard–Jones potential function,

U vdW ¼ 4u
r0

rij

� �12

� r0

rij

� �6
" #

; ð3Þ

where u is the well-depth determining the strength of inter-
action; r0 indicates the equilibrium distance of two atoms
that makes the potential equal to zero; rij is the distance be-
tween interacting atoms i and j.

In this study, we used the potential constants u = 3.825 ·
10(�3) nN Å (2.387 meV) and r0 = 3.42 Å, which were deter-
mined by Girifalco and Lad [26] through various lattice
summations for graphite with infinite number of graphene
sheets.
2.2.2. Molecular structural analysis: in-plane elastic

constants

The in-plane elastic behavior of graphite can be repre-
sented by that of a graphene sheet due to the small influence
from adjacent graphene sheets by the weak van der Waals
Deformation along 3-axis 
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Fig. 3. Graphite under o
force field. Chang and Gao [21] developed a simple and
effective analytical molecular mechanics model of a graph-
ene sheet to calculate Young’s modulus and Poisson’s ratio
of single-walled carbon nanotubes as a function of the nano-
tube diameter. In their model, the force-stretching relation
of carbon atoms was modeled with elastic sticks of infinite
bending stiffness, and the twisting moment-angle variation
of carbon bonds was modeled with spiral springs. They
called it ‘‘stick-spiral’’ model. Incorporating this model in
the modified Morse potential function, Xiao et al. [25]
obtained the stress–strain relation of single-walled carbon
nanotubes as a function of the nanotube diameter.

It needs to be mentioned that the stick-spiral model
describes the force–deformation response of a graphene
sheet, which is a discrete system. In order to express its
force–deformation relation in terms of an engineering
stress–strain relation, this discrete system needs to be
replaced with an effective continuum medium that can rep-
resent the volume occupied by the discrete system. Plates
composed of graphene sheets have been used to derive
engineering stress–strain relations from the force–deforma-
tion relations of the graphene sheets.

In this paper, we followed the work by Xiao et al. [25]
and simplified the model for graphite platelets under infin-
itesimal deformation.

The force–deformation response of a graphene sheet can
be analyzed with the representative elements shown in
Fig. 4. Under loading, forces and moments acting on the
atoms are obtained from their relative displacements as

F ðDrÞ ¼ 2bDð1� e�bDrÞe�bDr; ð4Þ

MðDhÞ ¼ kh1Dh 1þ 3kh2ðDhÞ4
h i

; ð5Þ

by differentiating the potential energy given in Eq. (2). For
infinitesimal deformation, noting that Dh is much smaller
than unity, the higher order term of Dh in Eq. (5) can be
neglected. Rewriting Eq. (5), we have for the moment

MðDhÞ ¼ kh1Dh: ð6Þ
The deformed shape of the graphene sheet is determined by
the equilibrium conditions of this force and moment to-
gether with the deformation constraints.
Shear Deformation

ut-of-plane loading.
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Fig. 4. Representative elements of a graphene sheet: (a) loading in the
1-direction and (b) shear loading in the 1–2 plane.

Table 1
In-plane elastic constants of graphite

Elastic constants Present Ref. [10] Ref. [16] Ref. [21] Ref. [25]

E (E1 = E2), TPa 1.153 1.02 0.90 1.06 1.13
m12 0.195 0.16 0.039 0.16 0.20
G12, GPa 0.482 0.44 0.43 n/a 0.47
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For uniaxial tension in the 1-direction in Fig. 4a, the
equilibrium condition is

b
2

� �
F ðDbÞ ¼ tan

a1

2

� �
½MðDa1Þ �MðDa2Þ�; ð7Þ

where b is the bond length (1.42 Å); Db is the variation of
the bond length; a1 is the angle of the carbon bonds
(120 �C); Da1 and Da2 are the angle variations of the bonds
which are related as

Da1 ¼ �2Da2: ð8Þ

From Eqs. (4), (6), (7) and (8), the relationship between the
bond-length and the bond-angle variation (Db and Da1,
respectively) is written as

Da1 ¼
2b
3

� �
bD 1� e�bDbð Þe�bDb½ �

kh1

cot
a1

2

� �
: ð9Þ

With Da1 obtained from the given Db, the in-plane strains
and axial stress can be calculated as

e11 ¼
sin a1

2

� 	
Dbþ b

2
cos a1

2

� 	
Da1

b sin a1

2

� 	 ;

e22 ¼
cos a1

2

� 	
Db� b

2
sin a1

2

� 	
Da1

aþ b cos a1

2

� 	 ; ð10Þ

r11 ¼
F ðDbÞ

tb sin a1

2

� 	
1þ cos a1

2

� 	� 	 ; ð11Þ

where a is the bond length (1.42 Å) and t is the thickness
(3.35 Å).
For the shear loading shown in Fig. 4b, the equilibrium
conditions and deformation constraint are

b
2

� �
F ðDaÞ ¼

1þ cos a1

2

� 	
sin a1

2

� 	 MðDa2Þ; ð12Þ

F ðDaÞ ¼ �F ð�DbÞ; ð13Þ

Da2 ¼
b bD 1� e�bDað Þe�bDa½ �

kh1

sin a1

2

� 	
1þ cos a1

2

� 	
" #

: ð14Þ

The shear stress and strain are calculated from Eqs. (12)–
(14) as

c12 ¼
cDa1 þ sin a1

2

� 	
Db

a 1þ cos a1

2

� 	� 	 þ Daþ Dbð Þ cos a1

2

� 	
2b sin a1

2

� 	 ; ð15Þ

s12 ¼
F ðDaÞ

ta 1þ cos a1

2

� 	� 	 ; ð16Þ

where c is the bond length (1.42 Å).
To determine Young’s modulus, E1 = r11/e11, and Pois-

son’s ratio m12 = �e22/e11, a strain of e11 = 0.1% was used.
The in-plane Young’s modulus and Poisson’s ratio were
calculated to be 1.153 TPa and 0.195, respectively. Simi-
larly, by taking the ratio of the shear stress to shear strain
for a shear strain of 0.1%, G12 = s12/c12 the in-plane shear
modulus was determined to be 0.482 TPa. The engineering
constants, listed in Table 1, are in good agreement with
both experimental and other published theoretical predic-
tions [10,16,21,25]. In addition, it can be seen that the rela-
tionship between the in-plane shear modulus, Young’s
modulus and Poisson’s ratio for an isotropic material,
G12 = E1/2(1 + m12), is satisfied. This is a consequence of
the hexagonal array of atoms in a graphene sheet.

2.2.3. Molecular structural analysis: out-of-plane elastic

constants

Referring to the coordinate notation in Fig. 3 and
assuming transverse isotropy of the graphite plates, the
out-of-plane elastic constants to be determined are E3,
G13 (=G23), and m13 (=m23).

The moduli E3 and G13 can be expressed as

E3 ¼
C33C11 þ C12C33 � 2C2

13

C11 þ C12

and G13 ¼ C44; ð17Þ

where Cij are stiffness components in the generalized
Hooke’s law. Knowing the in-plane elastic constants E1

and m12, we can rewrite the expression for the modulus E3

as

E3 ¼
ð1� m12ÞE1C33

ð1� m12ÞE1 þ 2m2
13C33

: ð18Þ
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Fig. 5. Deformation of a graphene sheet in the 1-direction, e11=0.1.
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The stiffness components C33 and C44 and Poisson’s ratio
m13 need to be calculated from Eqs. (17) and (18) to deter-
mine E3 and G13.

In the calculations of C33 and C44, we followed Kelly
and Duff [14] who applied the Lennard–Jones potential
[26,27] to determine the interaction between carbon atoms
in adjacent graphene sheets and calculated C33 and C44

from the second derivatives of the strain energy density
with respect to e33 and c13, respectively.

Considering two adjacent graphene sheets, the interac-
tion of a carbon atom in one graphene sheet with all the
atoms in the other sheet can be obtained from Eq. (3) as

U vdW ¼ 4ur6
0 r6

0S12 � S6

� �
; ð19Þ

where

Sn ¼
X

j

r�n
j ¼

X
j

ðd2 þ l2
j Þ
�n

2; ð20Þ

where d is the distance between two graphene sheets on the

c-axis and lj ð¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

j þ y2
j

q
Þ is the radial distance of the jth

atom in the graphene sheet from the point directly above
or below the considered atom in the neighbor graphene
sheet.

It is seen in Fig. 1 that there are two types of equilibrium
for an atom adjacent to a graphene sheet. One is when the
atom is vertically over the center of a hexagon, the other is
when the atom is above a vertex of a hexagon. In order to
calculate the energy density, defined as the energy/unit vol-
ume of a crystal [27], the potential energies obtained from
the atoms in two different equilibrium positions are aver-
aged, and the energy density is given as

U ¼ 4ur6
0

dA
½r6

0S12 � S6�; ð21Þ

where Sn is the average of the summation for the two equi-
librium positions, and A is the area/atom in a graphene
sheet (A = 2.62 Å2).

From the second derivatives of Eq. (21) with respect to
e33 and c13, and by approximation in the Taylor series
expansion of function U, C33 and C44 are obtained as

C33 ¼
o

2U
oe2

33

ffi d2
0

o
2U

od2

� �
d¼d0

; ð22Þ

C44 ¼
o

2U
oc2

13

ffi d2
0

o
2U

ox2
j

 !
xj¼x0

j

; ð23Þ

where

o2Sn

od2
¼ �nSnþ2 þ nðnþ 2Þd2Snþ4; ð24Þ

o2Sn

ox2
j
¼ �nSnþ2 þ nðnþ 2Þ

X
j

x2
j

ðd2
0 þ x2

j þ y2
j Þ
ðnþ4Þ

2

; ð25Þ

and d0 and x0
j are the distances in the undeformed state.

Poisson’s ratio m13 = �e33/e11 must be evaluated from
the deformation in the thickness direction corresponding
to an applied strain e11. A straightforward calculation
was performed by first applying a small deformation in
the 1-direction using Eq. (10), as shown in Fig. 5. Subse-
quently, the average energy density was calculated by Eq.
(21). Since the deformed state corresponds to a minimum
energy state, the distance, dz, of the considered graphene
sheet minimizing the energy density under in-plane defor-
mation was evaluated as

oU
od
¼ 4ur6

0

dA
r6

0

oS12

od
� oS6

od

� �
� 1

d
r6

0S12 � S6

� 	� �
¼ 0 at d ¼ dz; ð26Þ

where

oSn

od
¼ �ndSnþ2: ð27Þ

Then, this distance was used to obtain e33, followed by cal-
culation of m13. Fig. 6 shows the strain development in the
thickness direction as a function of the in-plane strain.
Poisson’s ratio m13 is calculated from the slope of the curve.

Table 2 shows that the out-of-plane elastic constants
E3, G13 (=G23), and m23 (=m23) were calculated to be
39.511 GPa, 0.268 GPa and 0.006, respectively. Comparing
with the data in Refs. [10–18], the Young’s modulus E3 is in
fairly good agreement with the literature data, and the
shear modulus G13 and Poisson’s ratio m13 fall in the wide
range of the literature data.

In Table 2, the shear modulus G13 varies from 0.13 GPa
to 4.5 GPa. As discussed in [10], the shear modulus of per-
fect graphite is 4.5 GPa, but it is reduced due to the mobile
dislocation in the basal plane of the graphite crystal. It is
believed that the calculation of G13 by the Lennard–Jones
potential underestimates the true value of G13 of graphite.
As mentioned in [11], this is because the interlayer force
constant of adjacent graphene sheets by the Lennard–Jones
potential is substantially lower than that with interlayer lat-
tice vibrations observed by neutron spectrometry.
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Fig. 6. Development of e33 strain in the 3-direction as a function of in-plane strain e11.

Table 2
Out-of-plane elastic constants of graphite

Elastic constants Present Ref. [10] Ref. [11] Ref. [12] Ref. [13] Ref. [14] Ref. [15] Ref. [16] Ref. [17] Ref. [18]

E3, GPa 39.511 36.4 39.0 55.8 n/a 38.6 20.3–35.6 30.2 n/a 17.1
m13 (=m23) 0.006 0.337 n/a �0.171a n/a n/a n/a 2.248 0.822 4.958b

m31 (=m32) 0.0002 0.012 n/a 0.0084a n/a n/a n/a 0.075 0.019 0.074
G13 (=G23), GPa 0.268 0.28 4.2 n/a 0.13 0.23 0.7–4.5 2.3 n/a n/a

a E1 and m12 from present study were used to calculate the Poisson’s ratios according to Ref. [12].
b E1 from present study was used to calculate Poisson’s ratio m13 according to Ref. [18].
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Values of Poisson’s ratio m13 in Table 2 vary over a wide
range, from �0.171 to 4.958 including even a sign change.
Note that the m13 values from Refs. [10,12,16–18] were esti-
mated from the compliance components S13 and S11. The
compliance S13 in [10] was directly measured from simple
tension tests on pyrolytic graphite specimens, but as dis-
cussed with their shear modulus G13 results, their speci-
mens contained defects of the mobile dislocations in the
basal plane, so that the S13 in [10] may not be correct for
perfect graphite. The m13 values in Refs. [16–18], higher
than 0.5 or even 2.0, are theoretically possible, because
Poisson’s ratio for anisotropic elastic materials may not
be bounded [28]. In [18], particularly, the compliance S13

was estimated from the thermal expansion coefficients of
graphite, accounting for the Poisson’s ratio effect on the
negative thermal expansion coefficient in the basal plane
below 400 �C. However, Kelly [29] expressed doubts about
the S13 in [18] by showing that the negative thermal expan-
sion is not mainly caused by the Poisson’s ratio effect. He
made an excellent prediction of the thermal expansion
coefficient in the basal plane even by taking the Poisson’s
ratio equal to zero. Thus, from [29], it may be deduced that
Poisson’s ratio is nearly zero. Interestingly, in Ref. [12] m13

which was calculated by quantum mechanical analysis is
negative. As mentioned in [30], however, considering the
thermal expansion or specific heat of graphite, or piezoelec-
tric coefficients of carbon fibers, it may be more reasonable
for m13 to be positive rather than negative.

Although it is still tentative, we consider that our result
for m13, obtained by following the mechanical definition of
Poisson’s ratio based on the molecular mechanical analysis,
is reasonable.
3. Micromechanical analysis and parameter sensitivities

The stiffness of epoxy reinforced with a low concentra-
tion of graphite platelets can be calculated using a contin-
uum mechanics approach. This has been demonstrated in a
three-phase model [31] using Benveniste’s implementation
[32] of Mori–Tanaka’s method [9] for epoxy reinforced
by a low concentration of clay nanoplatelets in both inter-
calated and exfoliated form. In this study, the graphite
platelets can be considered as ellipsoidal inclusions ran-
domly distributed and oriented in the epoxy matrix and
only two phases need be considered. This is therefore a
straightforward application of Mori–Tanaka’s method. A
brief description of Benveniste’s implementation of Mori–
Tanaka’s method follows.

The effective stiffness tensor C* of a composite can be
written as [32]

C� ¼ C1 þ V 2fðC2 � C1ÞAg; ð28Þ

where C1 is the matrix stiffness tensor, C2 the inclusion stiff-
ness tensor and V2 the inclusion volume ratio. Benveniste
has shown that for Mori–Tanaka’s method the concentra-
tion tensor A can be expressed as

A ¼ AðdilÞ V 1Iþ V 2 AðdilÞ
 �� ��1
; ð29Þ

where V1 = 1 � V2 is the matrix volume ratio and I the
fourth order unity tensor. A(dil) is the concentration tensor
for dilute solution and can be written as
AðdilÞ ¼ ½Iþ SC�1
1 ðC2 � C1Þ��1

; ð30Þ
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where S is the Eshelby’s tensor [33,34]. Curly braces denote
average over all possible orientations, or

f�g ¼ 1

8p2

Z 2p

0

Z 2p

0

Z p

0

�f ðh;/;wÞ sin hdhd/dw; ð31Þ

where f(h,/,w) is the orientation distribution function in
terms of Euler’s angles h, / and w. Since the graphite plate-
lets are assumed to be randomly oriented in the epoxy ma-
trix, the distribution function f(h,/,w) is uniform and given
by

f ðh;/;wÞ ¼ 1: ð32Þ
This approach has been shown to work reasonably well [31]
for stiffness prediction of epoxy reinforced with a low con-
centration of nanoplatelets as long as reliable information
of constituent properties and morphology is available.

As discussed in the preceding section, the elastic param-
eters of graphite platelets reported in the literature includ-
ing those of the current study, vary over a wide range. This
leads to a natural question about the sensitivity of the
nanocomposite modulus to the graphite elastic parameters.
Here, we will look into the effect of the five independent
elastic parameters (E1, E3, G13, m12 and m13) of graphite
platelets on the nanocomposite modulus.

Fig. 7 shows the effects of individually varied platelet
elastic parameters on the Young’s modulus of epoxy rein-
forced with 1 wt% graphite nanoplatelets. A lateral dimen-
sion to thickness aspect ratio of 200 was used for the
graphite platelets having a density of 2.25 g/cm3. For the
epoxy matrix, a Young’s modulus of 3.27 GPa, Poisson’s
ratio of 0.34, and density of 1.17 g/cm3 were used.
Fig. 7. Effects of individually varied platelet elastic parameters E1, E3, G13, m12 a
nanoplatelets with average aspect ratio of 200.
The calculations were conducted by the Mori–Tanaka
method described above. The graphite platelet properties
used for the reference data are based on the results of the
present study, see Tables 1 and 2. At all times, only one
graphite elastic parameter was allowed to vary from the
set of reference properties. The parameter ranges shown
in Fig. 7 correspond to the data variations found in the lit-
erature. From Fig. 7, it can be seen that, within the range
of reported values of the parameters, the nanocomposite
modulus is more sensitive to E1 and G13, less sensitive to
m12 , and completely insensitive to E3 and m13.

The difference in sensitivity of the nanocomposite mod-
ulus to the various graphite platelet parameters can be
understood from the volume averaging process involved
in the modulus prediction. The overall deformation of
the nanocomposite under loading can be considered as a
volume average of individual phase deformations. The
higher nanocomposite modulus sensitivity to E1 and G13

(and m12 to a lesser extent for its small range under consid-
eration) is due to the magnification effect of the large lateral
platelet dimension on the corresponding deformations, the
in-plane extension for E1 and shear between graphene
sheets for G13. On the other hand, the nanocomposite mod-
ulus is insensitive to E3 and m13 because the small platelet
thickness minimizes the effect on the corresponding
through-thickness deformation.

4. Experimental verification

For the epoxy matrix, the stiffness properties (Young’s
modulus = 3.27 GPa and Poisson’s ratio = 0.34) were
nd m13 on the Young’s modulus of epoxy reinforced with 1 wt% of graphite
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obtained from tensile tests. The stiffness properties of graph-
ite platelets were obtained from molecular mechanical cal-
culations, with results listed in Tables 1 and 2. The
graphite platelets were approximated as ellipsoidal inclu-
sions with average lateral size (a1 = a2) and thickness (a3)
obtained by scanning electronic microscopy. Three different
batches of graphite platelet/epoxy composites were pre-
pared, as-received graphite 100GNP/Epoxy, exfoliated
graphite 100GNP/Epoxy, and expanded graphite 40GNP/
Epoxy. By considering the particles as circular disks, the
mean diameter of the as-received and exfoliated 100GNP
particles was estimated to be about 1 lm and the aspect
ratios were approximated as 5 and 70 for the as-received
and exfoliated particles, respectively. The expanded
40GNP graphite particles had a mean diameter of approxi-
mately 20 lm and an aspect ratio of roughly 200.

Each batch was ultrasonically mixed with an epoxy sys-
tem, which consisted of epoxy resin DGEBA (GY6010),
anhydride hardener (Aradur 917), and accelerator (DY070)
that are typically mixed in the ratio of 100:90:1 by weight,
respectively. The mixture was degassed prior to curing. The
graphite platelet weight ratio of all batches was 1%, which
corresponds to a 0.523% volume ratio. The measured den-
sity of the epoxy is 1.17 g/cm3 and that of the graphite is
2.25 g/cm3. After curing, dog-bone shaped tensile test spec-
imens were cut from a panel by means of a water-jet and
tested in a servo-hydraulic testing machine.

Fig. 8 shows that the elastic moduli obtained experimen-
tally compared very well with the theoretical prediction by
the Mori–Tanaka method. As expected from continuum
mechanics, it is shown in Fig. 8 that the moduli of nano-
composites with randomly oriented ellipsoidal inclusions
depend on the aspect ratio (lateral size divided by thick-
ness), and not on the size of the inclusion. It is understood
that the validity of the Mori–Tanaka approach is limited to
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Fig. 8. Predicted and measured Young’s modulus of epoxy reinforced with
dilute concentrations of non-interacting particles. For a
nanocomposite containing uniformly dispersed and ran-
domly oriented platelets, the continuum approach above
is valid up to a critical particle volume fraction which is
inversely proportional to the particle aspect ratio. In other
words, for a given particle concentration the predictions
are valid up to a certain particle aspect ratio. For the case
illustrated in Fig. 8, the limiting aspect ratio would be on
the order of 300.

5. Conclusion

A set of elastic constants of graphite nanoplatelets was
calculated based on their molecular force field. They were
in good agreement with both experimental data and other
published theoretical predictions, except for the out-of-
plane shear modulus G13 and Poisson’s ratio m13. It was
confirmed that using the Lennard–Jones potential underes-
timates the shear modulus G13 for perfect graphite. Pois-
son’s ratio m13 obtained in this study is positive and very
small (0.006) and falls within the wide range of the litera-
ture data.

Moduli of epoxy reinforced with graphite nanoplatelets
were predicted by the Mori–Tanaka method using the
graphite elastic properties obtained by molecular mechan-
ics. The predictions are in very good agreement with exper-
imental results for various reinforcing graphite particle
sizes and aspect ratios. It was confirmed that the nanocom-
posite moduli depend strongly on the aspect ratio of the
reinforcing particles.

It was found that the nanocomposite modulus is com-
pletely insensitive to the variation of out-of-plane modulus
E3 and Poisson’s ratio m13 of the nanoplatelet, both related
to out-of-plane through-thickness deformations. The nano-
composite modulus is more sensitive to the in-plane
1,000 10,000 100,000

, λ =d /t

anded graphite
NP/Epoxy

Model prediction

various graphite nanoplatelets for a particle concentration of 1 wt%.
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modulus E1 and out-of-plane shear modulus G13 (and m12

to a lesser extent for its small range under consideration)
due to the magnification effect of the large lateral platelet
dimension on the corresponding deformation.
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[19] Lévy F. Intercalated layered materials. Phys Chem Mater Layered

Struct 1979;6:323–421.
[20] Chung DDL. Review graphite. J Mater Sci 2002;37:1475–89.
[21] Chang T, Gao H. Size-dependent elastic properties of a single-walled

carbon nanotube via a molecular mechanics model. J Mech Phys
Solids 2003;51:1059–74.

[22] Brenner DW. Empirical potential for hydrocarbons for use in
simulating the chemical vapor-deposition of diamond films. Phys
Rev B 1990;42:9458–71.

[23] Yao Z et al. Mechanical properties of carbon nanotube by molecular
dynamics simulation. Comput Mater Sci 2001;22:180–4.

[24] Belytschko T et al. Atomistic simulations of nanotube fracture. Phys
Rev B 2002;65:235–43.

[25] Xiao JR, Gama BA, Gillespie Jr JW. An analytical molecular
structural mechanics model for the mechanical properties of carbon
nanotubes. Int J Solids Struct 2005;42:3075–92.

[26] Girifalco LA, Lad RA. Energy of cohesion, compressability, and the
potential energy functions of the graphite system. The J Chem Phys
1956;25(4):693–7.

[27] Agranovich VM, Semenov LP. A contribution of the theory of the
effect of irradiation on certain properties of graphite. J Nucl Energy
Parts A/B 1964;18:141–7.

[28] Ting TCT, Chen TY. Poisson’s ratio for anisotropic elastic materials
can have no bounds. Quart J Mech Appl Math 2005;58:73–82.

[29] Kelly BT. The thermal expansion coefficient of graphite parallel to the
basal planes. Carbon 1972;10:429–33.

[30] Goldberg HA. Final Report to US Army Research Office, 1985.
[31] Luo JJ, Daniel IM. Characterization and modeling of mechanical

behavior of polymer/clay nanocomposites. Compos Sci Technol
2003;63(11):1607–16.

[32] Benveniste Y. A New approach to the application of Mori–Tanaka
theory in composite-materials. Mechan Mater 1987;6(2):147–57.

[33] Eshelby JD. The determination of the elastic field of an ellipsoidal
inclusion, and related problems. Proc Roy Soc London Ser A—Math
Phys Sci 1957;241(1226):376–96.

[34] Mura T. Micromechanics of defects in solids. 2nd ed. Boston: Nijhoff;
1987.


	Mechanical characterization of graphite/epoxy nanocomposites by multi-scale analysis
	Introduction
	Elastic properties of graphite
	Structure of graphite
	Molecular mechanical analysis
	Interatomic potential functions
	Molecular structural analysis: in-plane elastic constants
	Molecular structural analysis: out-of-plane elastic constants


	Micromechanical analysis and parameter sensitivities
	Experimental verification
	Conclusion
	Acknowledgement
	References


