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SUMMARY
A methodology for imposing a minimum length scale on structural members in discretized topology
optimization problems is described. Nodal variables are implemented as the design variables and
are projected onto element space to determine the element volume fractions that traditionally deﬁne
topology. The projection is made via mesh independent functions that are based upon the minimum
length scale. A simple linear projection scheme and a non-linear scheme using a regularized Heaviside
step function to achieve nearly 0 –1 solutions are examined. The new approach is demonstrated on
the minimum compliance problem and the popular SIMP method is used to penalize the stiffness of
intermediate volume fraction elements. Solutions are shown to meet user-deﬁned length scale criterion
without additional constraints, penalty functions or sensitivity ﬁlters. No instances of mesh dependence
or checkerboard patterns have been observed. Copyright 䉷 2004 John Wiley & Sons, Ltd.
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1. INTRODUCTION
This paper offers a new approach to imposing a minimum length scale on structural members
in discretized topology optimization problems. Nodal volume fractions are introduced as the
new design variable and are projected onto element centroids to determine the traditional
element-wise volume fractions e , or relative densities, that deﬁne topology.
The goal of topology optimization is to determine the layout of material of speciﬁed volume
V in a domain  that maximizes the objective function for a given set of loads and boundary
conditions. It is well-known that the continuum form of these problems is ill-posed, and thus
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generally lacks solutions. For the maximum stiffness problem, solutions can be improved by
introducing more holes into the topology while keeping the total volume of material constant.
This can lead to ‘chattering’ designs where the number of microscopic holes becomes unbounded
[1]. The non-existence of solutions is reﬂected in the discretized version in the form of numerical
instabilities. Although the discretized problem has solutions due to the ﬁnite number of elements,
the solutions are inﬂuenced by the density of the mesh. As the mesh is reﬁned, smaller holes can
be introduced into the topology and members can become thinner. Another common problem
is the occurrence of checkerboard patterns, or regions of alternating solid and void elements,
in the ﬁnal solution. Diaz and Sigmund [2] and Jog and Haber [3] showed that checkerboards
are not optimal but rather result from numerical instabilities.
A signiﬁcant amount of literature exists on preventing checkerboards patterns and mesh
dependence. Checkerboards can be removed through smoothing or inhibited by using higher
order ﬁnite elements [2, 3], non-conforming ﬁnite elements [4], or additional constraints [5].
A popular approach to eliminating mesh dependence is to restrict the design space so that a
solution exists for the original continuum problem. One such restriction proposed by Ambrosio
and Buttazzo [6] and ﬁrst numerically implemented by Haber et al. [1] places a constraint on
the total perimeter of the structure. Although it has been shown to yield mesh independent
solutions, this global constraint does not prevent local thinning.
The design space can also be restricted by imposing a minimum length scale on members
in the ﬁnal topology. This yields mesh independent and checkerboard-free topologies as local
features smaller than the physical length scale are prohibited. Petersson and Sigmund [7]
used a local gradient constraint (or slope constraint) that limits the variation in e between
adjacent elements. They reported similar results to those produced by Sigmund’s heuristic
ﬁlter which replaces the sensitivity of each element with a weighted average of neighbouring
element sensitivities [8, 9]. These approaches produce mesh independent and checkerboard-free
solutions, but also yield grey regions, i.e. regions containing intermediate volume fractions,
along the boundary of the structure. The transition from solid to void (1 to 0) then occurs over
several elements and some of these elements must be considered as solid for the minimum
member size constraint to be satisﬁed. For a more detailed review of these procedures, the
reader is referred to Reference [10]. More recently, Poulsen [11] suggested a constraint on
the minimum length scale where violations are detected by passing a ‘looking glass’ over the
design domain.
The approach introduced in this paper addresses the minimum length scale from a different
perspective: the perspective of the nodes. We propose that nodal volume fractions be used as
the design variable instead of element volume fractions. These nodal values are then projected
onto the element centroids to determine the familiar element-wise volume fractions e that
are used to determine the topology and consequently the stiffness and volume of material.
Therefore, element volume fractions become a function of the nodal volume fractions.
This simple change coupled with an appropriate projection function appears to yield mesh
independent and checkerboard-free solutions that meet the minimum member size criterion.
These beneﬁts are realized without additional constraints, penalty functions or ﬁlters.
Using nodal values as a design variable in topology optimization is not a new idea. Belytschko
et al. [12] reported success using implicit functions to deﬁne the topology. The magnitude of
the implicit function is determined at the nodes and then approximated elsewhere in the domain
via shape functions. To solve the optimization problem, a regularized Heaviside step function
and the extended ﬁnite element method are implemented. The approach presented here differs in
Copyright 䉷 2004 John Wiley & Sons, Ltd.
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that it focuses on and provides direct control over length scale. It also uses the more traditional
element-wise volume fraction variable e to deﬁne the topology.
The layout of the paper is as follows. Section 2 describes the projection scheme and introduces a linear projection function. The well-known minimum compliance problem is presented
in Section 3 and is solved using the new approach in Section 4. Section 5 presents results for
an example problem. A non-linear projection function is introduced and applied to example
problems in Section 6 and conclusions are given in Section 7.

2. NODAL DESIGN VARIABLES AND THE PROJECTION SCHEME
Nodal volume fractions are the design variable in this method but do not carry much physical
meaning on their own. They must be converted into element volume fractions before the
topology, stiffness and volume of material can be determined. This conversion takes place
through a projection scheme.
Many functions are available to project nodal values onto an element space—for example,
the standard C0 shape functions used in the ﬁnite element method. These shape functions,
however, are by deﬁnition mesh dependent. Each node’s shape function inﬂuences only the
elements connected to that node. As the mesh is reﬁned, the region of the domain it inﬂuences
becomes smaller.
We require projection functions that are not inﬂuenced by mesh size. Instead, they should
be based on a physical length scale that does not change with mesh reﬁnement. The projection
functions given here are constructed so that this parameter is equivalent to the minimum
allowable radius rmin of members in the ﬁnal topology. For this reason, the scale parameter is
hereinafter referred to as rmin .
Projecting nodal values onto an element requires two pieces of information: (i) the set of
nodes included in the projection and (ii) the relationship between those nodes and the element
volume fraction. The ﬁrst issue is governed by the parameter rmin . The second issue is more
open—this paper offers two possibilities.

2.1. Identifying the nodes
The primary role of the scale parameter rmin in the projection scheme is to identify the nodes
that inﬂuence the volume fraction of element e. Nodes are included in the element’s projection
function if they are located within a distance rmin of the centroid of e. This can be visualized by
drawing a circle of radius rmin centred at the centroid of element e, thus generating the circular
sub-domain ew shown in Figure 1(a). Nodes located inside ew contribute to the computation
of e . It is worth repeating that rmin is a physical length scale, independent of the mesh. As the
mesh is reﬁned, rmin and consequently ew do not change, as Figure 1(b) illustrates. The only
difference between the two meshes is the number of nodes located inside ew , and, therefore,
included in the projection function. This is essential to generating mesh-independent solutions.
The search routine to identify the nodes lying inside each elemental ew is expensive,
particularly for ﬁne meshes or large values of rmin . However, it is performed only once at the
beginning of the algorithm.
Copyright 䉷 2004 John Wiley & Sons, Ltd.
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Figure 1. Nodes located inside the domain ew are used in the projection scheme for element e—ew
does not change as mesh (a) is reﬁned to (b).

2.2. A linear projection function
With the nodes identiﬁed, the second issue regarding the structure of the projection function
can be addressed. This paper proposes two possible functions that ensure solutions meet the
minimum length scale criterion. Let us ﬁrst introduce the simpler linear projection function. A
non-linear function that produces nearly 0–1 solutions is discussed in Section 6.
The linear projection function determines element volume fractions by performing a weighted
average of the eligible nodal volume fractions. The weights assigned to the nodal volume
fractions are based on proximity and determined by placing a weight function w(x) at the
centroid of element e, xe . This weight function has a magnitude of 1 at the element centroid
and decreases linearly to 0 over a distance rmin in all directions, essentially creating a cone of
unit height and base 2rmin as shown in Figure 2. To be more precise, the weight function of
element e has a compact support ew given by
x ∈ ew

if r ≡ x − xe   rmin

(1)

The linear weight function is deﬁned by

r −r

 min
e
rmin
w(x − x ) =


0



if x ∈


ew 


otherwise 

(2)

The weight function is independent of the mesh. If the mesh is reﬁned, the only change will
be an increase in the number of locations at which the function is to be evaluated.
Copyright 䉷 2004 John Wiley & Sons, Ltd.
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Figure 2. The weight function w(x) for the linear projection scheme.

Let the element volume fraction of element e be denoted by e . We deﬁne an auxiliary set
of nodal variables j that are related to the element volume fractions by

e
j ∈Se j w(xj − x )
e

(3)
 =
e
j ∈Se w(xj − x )
where Se is the set of nodes in the domain of inﬂuence of element e (ew ) and xj is the
position of node j .

3. PROBLEM DEFINITION
In order to demonstrate this new approach to structural optimization let us consider the standard
minimum compliance (maximum stiffness) problem. The object is to ﬁnd the layout of material
(structure) of volume V in the domain  that minimizes the compliance for a given set of
loads and boundary conditions. Ignoring body forces, compliance is deﬁned as
C=

t

tT u d

(4)

where t are the tractions applied to the boundary t and u are the displacements.
The domain  is discretized into a ﬁnite number of elements. The goal is then to determine
whether each element is a solid (e = 1) or void (e = 0), where the void ratio e is the
traditional design variable for topology optimization.
Due to the inherent difﬁculty of binary programming problems, the 0–1 constraint on e is
relaxed so the problem becomes a material distribution problem [13, 14] similar to the variable
sheet thickness problem [15]. Although permitted, elements with intermediate volume fractions
(between 0 and 1) are undesirable and are thus penalized to limit their presence in the ﬁnal
Copyright 䉷 2004 John Wiley & Sons, Ltd.
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solution. We use the popular solid isotropic material with penalization method (SIMP) developed
by BendsZe [14, 16] for the penalization. SIMP sets element stiffness tensors proportional to
(e )p , where generally p  3, thereby decreasing the stiffness of elements with intermediate e ,
making
 e theme uneconomical; also see References [17–19]. Alternatively, a penalty term such as
e  (1 −  ) could be added to the objection function [20].
The optimization problem, with element volume fractions expressed as a function of the
nodal volume fractions n , is stated as
min

f Tu

s.t.

K(n )u = f
 e
 (n )v e  V

n ,u

(5)

e∈

min
n  n  1

∀n ∈ 

where
K(n ) = A ke (n )
e

(6)

ke (n ) = (e (n ))p k0e
and f are the applied loads, K(n ) is the global stiffness matrix formed by the usual assembly
(A) of the element stiffness matrices ke , k0e is the element stiffness matrix of a solid element,
v e is the volume of element e, and min
is the minimum allowable nodal volume fraction.
n
e , where e
For the linear projection function, min
=

n
min
min is the minimum allowable element
volume fraction set equal to a small positive number to ensure non-singularity of the global
stiffness matrix. For example, we have used emin = 10−3 .
The principle of minimum potential energy allows us to express the equilibrium constraint
in the objective function, yielding the well-known max–min formulation:
max min
n

u

s.t.

1 T
2 u K(n )u


e∈

− f Tu

e (n )v e  V

min
n  n  1

(7)

∀n ∈ 

4. SOLUTION PROCEDURE
Problem (7) is solved using ﬁxed point iterations. Displacements for the current iteration are
found by solving the inner optimization problem for the current set of element volume fractions,
which corresponds to solving the equilibrium equation:
K(n )u = f
Copyright 䉷 2004 John Wiley & Sons, Ltd.
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These displacements are then held constant and the outer optimization problem is solved to
determine the new nodal volume fractions:
min
n

s.t.

−(n )

e∈

e (n )v e  V

min
n  n  1

(9)

∀n ∈ 

where
(n ) =

1  e
( (n ))p ue T k0e ue − f T u
2 e∈

(10)

and ue is the displacement vector for element e, the strain energy term in (7) has been replaced
by the sum of elemental strain energies, and the maximization problem has been converted to
minimization form.
We solve (9) using the method of moving asymptotes (MMA) developed by Svanberg [21, 22].
MMA minimizes sequential convex approximations of the original function and is known to be
very efﬁcient for structural optimization problems. Solving (9) requires the gradient of (n )
with respect to n :
1 
*e
*
=
p(e (n ))p−1 ue T k0e ue
2 e∈
*n
*n

(11)

The term *e /*n will only be non-zero for elements whose domain ew contains node n, i.e.
the elements that use node n in their projection function.
For the linear projection function used in this paper, *e /*n is
w(xn − xe )
*e
=
e
*n
j ∈Se w(xj − x )

(12)

The convex sub-problem is then solved using an interior point method, a very efﬁcient optimization method for convex problems; see References [23, 24] for details on implementing the
interior point method.
It is well-known that the non-convexity of the design problem often leads to locally optimal
solutions, especially when intermediate volume fractions are heavily penalized from the outset.
We therefore use the continuation method as described by Sigmund [7] to reduce the probability
of converging to a local minimum. The optimization problem is ﬁrst solved with the exponent
p equal to 1. The exponent is then increased by 0.5 and the problem is solved again using
the previous solution as the starting topology. This pattern is continued until the exponent
reaches 5.

5. CANTILEVER BEAM EXAMPLE
The cantilever beam problem is shown in Figure 3 and treated here as dimensionless. The
design domain  has a length L of 40, height H of 25 and unit width. The domain is ﬁxed
Copyright 䉷 2004 John Wiley & Sons, Ltd.
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Figure 3. Cantilever beam problem.

Figure 4. Design evolution during the continuation method: (a) p = 1.0; (b) p = 1.5; (c) p = 2.0;
and (d) p = 5.0. The black bars represent the length dmin = 4.

along the left edge and a point load P = −1 is applied midway up the free (right) end of
the beam. Young’s modulus is 106 , Poisson’s ratio is 0.25, and the allowable volume V of
the structure is 50% of the domain volume, initially distributed uniformly. Minimum allowable
member diameter dmin is 4 (rmin = 2). The problem was solved using 4-node quadrilateral
elements.
5.1. Design evolution
Figure 4 shows the converged topologies at various stages of the continuation method for an
80 × 50 element mesh (h = 21 , where h is the element size). As expected, the topology at
Copyright 䉷 2004 John Wiley & Sons, Ltd.
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Figure 5. Optimal topology for different levels of mesh reﬁnement when dmin = 4: (a)
40 × 25 (d/ h = 4); (b) 80 × 50 (d/ h = 8); (c) 160 × 100 (d/ h = 16); and (d) 240 × 150 (d/ h = 24).
The black bars represent the length dmin .

p = 1 includes a signiﬁcant number of elements with intermediate volume fractions. The outer
boundaries of the structure, however, are well-deﬁned. As the exponent increases, the number
of elements with intermediate volume fractions decreases and the interior members develop.
The general topology for this example is achieved by stage p = 2, and later continuation steps
push more intermediate volume fraction elements to the bounds. The ﬁnal solution (p = 5),
shown in Figure 4(d) is consistent with solutions produced by Sigmund’s sensitivity ﬁlter. Like
those solutions and solutions obtained by slope constraints, Figure 4(d) contains grey regions.
This shortcoming is discussed and corrected in Section 6.
The evolution of the topology is quite different from that reported by Belytschko et al. [12]
with implicit functions. That approach allows the interior and exterior boundaries of the structure
to form immediately as grey regions do not exist. The disadvantage is that the topology changes
signiﬁcantly during the iterative minimization due to the ﬂatness of the objective function near
the optimum.

5.2. Mesh independence
Figure 5 shows solutions for rmin = 2 units using several mesh sizes. The ﬁgure demonstrates that the solution does not depend on the discretization: the only difference between the
topologies is that the boundary of the structure becomes smoother with mesh reﬁnement.
Copyright 䉷 2004 John Wiley & Sons, Ltd.
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Figure 6. Optimal topologies using linear projection for various minimum allowable member diameters:
(a) dmin = 2.0; and (b) dmin = 1.0, the black bars represent the length dmin . Both cases use a
160 × 100 element mesh (d/ h ratios of (a) 8 and (b) 4).

5.3. Changing minimum member size
The linear projection function provides direct control over member sizes through the scale
parameter rmin . The results in Figure 5 conﬁrm this as all members have a thickness of at least
4 units. It should be noted, however, that some elements with intermediate volume fractions
are used to satisfy this requirement. Thinner members can be allowed in the ﬁnal topology by
simply decreasing rmin . Figure 6 shows topologies for minimum allowable member diameters
of 2 and 1 unit. It is clear that decreasing rmin leads to ﬁner structural members in the ﬁnal
topology. The 200 × 100 element mesh (h = 41 ) used for Figure 6 is very ﬁne but required to
capture thinner structural members that are permitted when decreasing rmin to 0.5. The smallest
allowable
sub-domain ew would include only the nodes comprising element e, and therefore
√
e
h < 2rmin . However, we have
√ found that w should include nodes located outside of element
e, therefore requiring h < ( 10/5)rmin for a regular mesh.

6. OBTAINING 0–1 SOLUTIONS
A disadvantage of the linear projection function is the unavoidable fading effect that occurs
along the edges of structural members. The transition from solid to void (1 to 0) occurs
over several elements leaving intermediate volume fractions in the ﬁnal topology. This appears to be a fundamental characteristic of linear projection schemes and cannot be prevented
through penalization. This drawback is also observed in solutions obtained with slope-constraints
and Sigmund’s sensitivity ﬁlter. The boundary of the structure is usually interpreted as lying
somewhere inside the grey region or some post-processing is performed to develop a clearer
boundary.
6.1. Non-linear projection functions
The fading effect can be minimized or entirely prevented by a non-linear projection function. The Heaviside step function, for example, would insure a 0–1 boundary and maintain
a minimum length scale when using the same nodes as the linear projection. Let us denote
Copyright 䉷 2004 John Wiley & Sons, Ltd.
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Figure 7. The regularized Heaviside step function for various magnitudes of : (a)  = 0 (linear);
(b)  = 1; (c)  = 5; and (d)  = 25.

the weighted average of nodal volume fractions within ew as e (n ). The weighted average
function is repeated here for convenience:

e
j ∈S j w(xj − x )
e
(13)
 =  e
e
j ∈Se w(xj − x )
where w(x) is the weighting function deﬁned by (2).
The element volume fractions are now expressed as a Heaviside step function by
 =
e

1

if e (n ) > min
n

emin

if e (n ) = min
n

(14)

In other words, an element e is a void element if and only if all nodal volume fractions within
min yields a
ew equal min
n . On the other hand, a node with volume fraction greater than n
e
min
weighted average  greater than n for all elements whose centroid lies within a distance
rmin of that node. All of these elements are then solid elements, thereby satisfying the minimum
length scale criterion.
In order to use the optimization algorithm outlined in Section 4, the Heaviside function must
be regularized so that the gradient of e with respect to n is continuous. This can be achieved
by the exponential function:
e = 1 − e−

e (

n)

+ e (n )

(15)

where the parameter  dictates the curvature of the regularization and e (n ) recovers the
bounds on the element volume fractions:
e = e (n )e−

(16)

The projection function (15) is linear when  = 0, and approaches the Heaviside step function
as  approaches inﬁnity. Figure 7 displays the regularization for a sample of  values.
Copyright 䉷 2004 John Wiley & Sons, Ltd.
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The lower bound min
must be adjusted for the selected  so that e achieves the lower
n
bound (approximately) when ew contains only nodes with minimum volume fractions—i.e. so
that the following relationship holds:
min
−
emin ∼
= 1 − e−n + min
n e

(17)

The third term is close to zero for most values of  and emin . Thus, the following estimation
is often sufﬁcient for min
n :
min
n =−

1
ln(1 − emin )


(18)

It should be noted that (13), like the linear projection function, uses the weighted average of
nodal values inside ew to compute e (n ). Alternatively, a standard mean could be used to
determine the average nodal volume fraction. Although a standard mean may reduce the number
of intermediate e in the ﬁnal topology, preliminary results suggest the weighted average is
more stable and produces smoother topologies.
We use the same optimization algorithm described in Section 4. The ﬁrst derivative *e /*n
given in (12) is replaced with
 *e

*e
e
= e− (n ) + e−
*n
*n

(19)

*e
w(xn − xe )
=
e
*n
j ∈Se w(xj − x )

(20)

where

Problems are solved using the continuation method where the exponent penalty is raised gradually. We recommend starting with a low value of , for example  = 1, to reduce the probability
of oscillations and converging to a local minimum. If intermediate volume fractions exist in
the converged topology,  and/or the exponent can be increased and the problem solved again
until they are satisfactorily reduced.
6.2. Cantilever beam example
The cantilever beam problem is now solved using the non-linear projection function. For the
results contained in this section, initial  is 1.0, and p and  were raised as described above.
The evolution of the topology is similar to the previously discussed evolution for the linear
projection function. The converged solutions for the ﬁrst continuation step (p = 1) are nearly
identical as intermediate volume fractions are not yet penalized. Figure 8 contains the solution
for dmin = 4 units. The topology is similar to those created by the linear projection function
but the number of intermediate volume fraction elements along the edges of structural members
is greatly reduced.
As with the linear projection function, the non-linear function provides direct control over
member sizes through rmin . Figure 9 shows topologies for minimum allowable member diameters of 4, 2, 1.5 and 1. As dmin is reduced the problem becomes less restricted, thereby
allowing thinner structural members to develop in the ﬁnal topology.
Copyright 䉷 2004 John Wiley & Sons, Ltd.
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Figure 8. Optimal topology using the non-linear projection function for dmin = 4.0 —the black bar
represents the length dmin . Created using an 80 × 50 element mesh (d/ h = 8).

Figure 9. Optimal topologies using non-linear projection for various minimum allowable member
diameters (represented by the black bars): (a) dmin = 4.0; (b) dmin = 2.0; (c) dmin = 1.5; and (d)
dmin = 1.0. All cases use a 160 × 100 element mesh (d/ h = (a) 16; (b) 8; (c) 6; and (d) 4).

Comparing Figure 9 with the results obtained by the linear projection function (Figure
6) reveals that the reduction of intermediate volume fraction elements can lead to signiﬁcant
topological changes. A property of the linear function is that fading will occur, even with heavy
penalization, and the minimum length scale is satisﬁed by the intermediate e in these regions.
Copyright 䉷 2004 John Wiley & Sons, Ltd.
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Figure 10. MBB-beam problem.

This allows for the formation of primarily ‘grey members’ (see Figure 6(a)). The non-linear
function does not share this property as 0–1 solutions are obtainable. Under heavy penalization
of intermediate volume fractions, members strive to satisfy the length scale criterion with only
solid elements, thereby eliminating grey members from the ﬁnal topology (see Figure 9(b)).
This fundamental difference means the linear function can overestimate the intricacy of the
topology if the end goal is a true 0–1 design.
Figure 9 also reveals that the non-linear projection yields fewer elements with intermediate
volume fractions as the minimum length scale to mesh size ratio (dmin / h) decreases. This trend
is also seen in the next example. With a larger dmin (or smaller h) the number of nodes located
inside of ew increases, meaning the weight assigned to nodes with large n is extremely small
for the elements at the edge of structural members. This leads to a lower nodal weighted
average for that element and consequently a higher probability of becoming an intermediate
volume fraction. Recall, however, that the mesh must be sufﬁciently reﬁned as described in
Section 5.3 to use the projection functions appropriately.
6.3. MBB-beam example
The second example is the so-called MBB-beam problem [25] and is shown in Figure 10.
The problem is treated here as dimensionless and the deﬂection and stress constraints of [25]
are relaxed. The design domain  has a length of 120 (L = 60), height H of 20 and unit
width. Vertical displacement is restricted at the bottom corners of the beam and a point load
P = −1 is applied at the midpoint on top of the beam. Due to symmetry only the right half
of the beam is analysed. Young’s modulus is 106 , Poisson’s ratio is 0.25, and V is 50% of the
design domain volume, initially distributed uniformly. The problem was solved using 4-node
quadrilateral elements.
Figure 11 displays the converged solutions for a minimum member diameter of 5 units when
the linear and non-linear projection functions are implemented. The topologies are similar, with
the non-linear function yielding almost no intermediate volume fraction elements in the ﬁnal
solution. Figure 12 contains the ﬁnal topologies for various minimum allowable length scales.
As rmin is reduced, the problem becomes less restricted and thinner members are permitted to
develop.
Although not observed here, one potential shortcoming of this approach is that one-node
hinges can exist in the ﬁnal topology. Also referred to as point ﬂexures, one-node hinges
describe the event where two solid members are connected at only one node [26, 27]. This
is similar to the checkerboard problem but is isolated to two elements. Consider two nodes,
Copyright 䉷 2004 John Wiley & Sons, Ltd.
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Figure 11. Optimal topologies for right half of beam produced by the: (a) linear; and (b)
non-linear projection functions for dmin = 5.0 —the black bars represent the length dmin .
Both cases use a 48 × 16 element mesh (d/ h = 4).

Figure 12. Optimal topologies using non-linear projection for various minimum allowable
member diameters (represented by the black bars): (a) dmin = 6.0; (b) dmin = 4.0;
(c) dmin = 2.0; (d) dmin = 1.5; and (e) dmin = 1.0. All cases use a 240 × 80
element mesh (d/ h = (a) 24; (b) 16; (c) 8; (d) 6; and (e) 4).

separated by a distance 2rmin , that produce two circular solid members of radius rmin . If all
n between the nodes are minimum in magnitude, only the edges of the circular members
will touch, potentially leading to one node hinges. This will not occur for the linear projection
and has not been detected when the non-linear projection function features a weighted average
of nodal values. However, one node hinges have been observed in topologies when both a
standard mean and large  are used for the MBB beam problem.
7. CONCLUSIONS
The method presented in this paper offers direct control over the thickness of structural members
in topology optimization problems. This is achieved through the use of mesh independent
projection functions that convert nodal design variables into the familiar element-wise volume
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fractions e . Despite this fundamental change, element volume fractions are still used to deﬁne
the topology and therefore the stiffness, allowing for the use of BendsZe’s popular SIMP
method to penalize intermediate volume fraction elements.
Preliminary results suggest that our methodology produces mesh independent, checkerboardfree and minimum member size compliant topologies. The simpler linear projection function
appears to produce smooth solutions similar to those obtained by Sigmund’s sensitivity ﬁlter.
A byproduct of the linear function is the fading effect that, in some cases, is required to
conform to minimum length scale. This can lead to ‘grey members’ and an overestimation of
the intricacy of the topology as shown in the previous section. On the other hand, the nonlinear projection function seems to produce nearly 0–1 topologies that satisfy the length scale
criterion with solid elements. The minimum length scale is met without additional constraints,
penalty functions or sensitivity ﬁlters. It should be noted that the non-linear projection function,
in its present state, imposes a minimum length scale on only structural members, and does not
directly impose a length scale on voids.
The approach has some similarities to the method presented in Belytschko et al. [12] which
uses implicit functions to deﬁne the topology. Both methods use nodal values as the design
variable and project those values onto element space. The projection functions here, however,
ensure a minimum length scale as they are based on the physical length parameter rmin . The
projection in Reference [12] is local to the element as C0 ﬁnite element shape functions are
used. Advantages of the approach in Reference [12] are that 0–1 solutions are more readily
obtained and solutions tend to be smoother for coarse meshes as implicit functions are used
to deﬁne topology instead of element-wise volume fractions. A ﬁnal similarity is that both
methods regularize the Heaviside function to achieve 0–1 solutions. The regularization given in
Equation (15) is just one possibility; other non-linear projection functions should be examined.
The methodology appears to be quite promising and is applicable to a wide-range of topology
optimization problems. The only change in traditional problem formulations would be that
element-wise volume fractions are expressed as a function of nodal volume fractions and these
nodal values become the design variable.
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